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1. INTRODUCTION 
The purpose of this paper is to prove the following result: 
THEOREM A. Let G be a non-abelian Jinite simple group such that each 
2-local subgroup H of G has the following properties: 
(i) H is solvable; 
(ii) Every odd order Sylow subgroup of H is cyclic. Then G is isom.orphic 
to one of the followitzg groups: L,(q), q > 3, L,(3), U,(3), MI, , S.429, U,(2”) 
with n > 2 and the Tits simple group [17]. 
Here a 2-local subgroup H of G is the normalizer in G of a nonidentity 
2-subgroup of G. Since the proof of Theorem A will be by induction on the 
order of G, we see in fact that we have to prove the following more general 
result: 
THEOREM B. Let G be a nonsolvable jinite group such that each 2-local 
subgroup H of G has the following properties: (i) H is solvable and (ii) every 
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odd order Sylow subgroup of H is cyclic. Then G = G/O(G) is an automorphism 
group of the commutator group G’ and G is a simple group which is isomorphic 
to one of the groups listed in Theorem A. More precisely, if GIG’ has even order, 
then the group K = O,(G mod G’) is isomorphic to one of the following groups: 
(1) PGL(2, q), where q > 3 and q is odd. An &-subgroup of K is dihedral 
and if t is any involution in K - G’, then C,.(t) is a dihedral group of order 
q + E with E = &l and q + E = 2(mod 4). 
(2) K/c has order 2, G I: L&L), where q = r2 is odd and an &-sub- 
group qf R is quasi-dihedral. There are no involutions in K - G. 
(3) Cs , the symmetric group in 6 letters. 
(4) Aut L,(9), where an .&-subgroup is the holomorph of the cyclic group 
of order 8. 
(5) Xut L,(3), and here K/G’ has order 2. There is precisely one conjugacy 
class of involutions of K which are contained in R - e, and <f t is one of them, 
then Cc(t) is isomorphic to x4 . 
(6) Aut U,(3), and here K/G’ has order 2. There is precisely one conjugacy 
chs of involutions of K which are contained in K - G’ and $ t is one of them, 
then C&t) is isomorphic to C-l . 
(7) The Ree group F,*(2), and here K/G has order 2. An S,-subgroup 
of R has the center of order 2 and there are no involutions in K - p. Also 
IT = aut G’. 
The proof of Theorem B is obtained in the following way: We first show 
that a minimal counterexample to Theorem B is a simple group G. Let T 
be a fired &-subgroup of G. Then a recent result of Janko and Thomp- 
son [7] implies that SCNa(T) . IS nonempty. We are using then some results 
of Gorenstein and Walter [6] to show that T does not normalize any non- 
identity odd-order subgroup of G. Then a result of Gorenstein [4] implies 
that Q(N) = 1 for every 2-local subgroup H of G. The major part of the 
work is concerned with maximal 2-local subgroups of G -which contain T. 
One of the first tasks is to show that if IV, and Ma are two distinct maximal 
2-local subgroups of G containing T, then X, n lWz = T. But even in doing 
that we need the following result on 2-reducibility. Let AT be a maximal 
2-local subgroup of G containing T such that jflf/>5/TI. Set 
I’ = ~I(R2(Zl~~)), where R,(M) is the maximal normal 2-reducible 2-subgroup 
of ~$1 as defined in Thompson [14]. Then we show that 1 I’ / < 4. A result 
of Sims [IO] is used several times in this paper and, in particular, it helps 
in showing that T is self-normalizing in G. Here we also need the result that 
there are more than one maximal 2-local subgroups of G containing T. 
Since we may assume that G is not an X-group in the sense of Thomp- 
son [14], we see that there is a maximal 2-local subgroup 111 of G containing 
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T such that 1 iPI1 > 3 ! T 1. Assume that M possesses a normal four-sub- 
group V. Then the following result is fundamental. For each involution i in 
V we have that C,(z) is contained in M. Then a detailed study of the non- 
solvable local subgroups of G gives that M does not have normal four-sub- 
groups. This result together with some results which are essentially contained 
in Section 13 of the N-groups paper of Thompson [15] implies that M pos- 
sesses normal elementary 2-subgroups of order > 8. Let F be one of them 
which is minimal with respect to C. The rest of the proof is in fact concerned 
with a study of the weak closure F* of F in T. If M has a S,-subgroup (p 
odd) of order >, 7, then we are able to show that F* centralizes F and a 
contradiction is easily obtained by using the existence of another maximal 
2-local subgroup of G which contains T. If F* does not centralize F, then 
we show that T has order 2r” and a contradiction is easily obtained. 
The notation used is standard. (See [3] and [14].) 
2. KNOWN RESULTS AND PRELIMINARY LEMMAS 
We shall list here only those known results which are used very often in 
this paper. 
LEMMA 2.1 (Gorenstein [4]). Let X be a finite simple group all of whose 
2-local subgroups are 2-constrained. Assume that SCN3(2) is nonempty and 
let A E SCN3(2). Then any tzvo maximal elements qf M(A; p) (where p is an 
odd pkze) me conjugate under a72 element in C,(A). If in addition all 2-signal- 
izers in X are trivial, then O(H) = 1 f OY every 2-local subgroup H of X. Also 
kI(A; 2’) is trivial. 
LEMMA 2.2 (Gorenstein and Walter [6]). Let X be a finite group such 
that O(X) = 1, SCN,(2) is nowempty, the centralizer of every involution in X 
is 2-constrained and (O(Cx(a)) / a E A+> has odd order fey some noncyclic 
elementary 2-subgroup A of X. Then O(Cx(x)) = 1 for every involution N in X. 
LEnlnf.4 2.3 (Wielandt [20]). Let X be a$finite group with a cyclic SD-sub- 
group. Then X is either p-solvable of p-length 1 or p divides the order of precisely 
one composition factor of X (which is nonsolvable). 
LEMMA 2.4 (Thompson [16]). Suppose X is a solvable group of jnite 
order and X, is a &-subgroup of X. Suppose also that O(X) = 1 altd that 
SL(2, 2) is not irzvolved in X. Then X = C,(Z(XJ) Nx(J(XZ)). Here 
Jll(Xf) = (A 1 A is an abelian subgroup of X2 with m(A) > d(X,) - ?z), 
zjhere d(X?) = max@(il) ( A ranging over all the abelian subgroups of X2), 
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m(Y) denotes the minimal number of generators ojf a finite group Y, 
1(X2) = J,,(X,) and J&X2) = X zuheneaer k >, d(XJ - I. 
LEnTMA 2.5 (Thompson [14]). Supp ose X2 is a &-subgroup of a Jinite 
soZvabZe (3, 5)‘-group X and O(X) = 1. Let NI = C(Z(XJ), iV2 = N(J(XJj, 
and AT3 = N(Z(Jl(Xz))). Then for each permutation 0 of (I? 2, 31, 
x = LV&,h,(,) . 
LER;IIJA 2.6 (Thompson [14]). Suppose X = TP is a jnite solvable 
group, O(X) = 1, T is a S,-subgroup of X and P is a cyclic p-group of order 
p” > 5, p odd. Let NI = C(Z(T)), N2 = N(J(T)), A’, = N(Z(J,(T))), and 
let Q = V(P). Then for each permutation 0 of{l, 2, 31, 
LEMMA 2.7 (Feit and Thompson [3]). Suppose P is a A’,-subgroup of a 
finite p-solzjable group X a?zd A E SCN(P). Then &I,(A) contains only p’- 
groups which form a lattice zvhose maximal element is O,(X). 
LEMMA 2.8 (Feit and Thompson [3]). Let d be a PI-group of automor- 
phisms of the finite p-group P so that A has no fixed points on P/D(P), and A 
acts trivially on D(P). Then D(P) _C Z(P). 
LEXIM~~ 2.9 (Thompson [14]). Supp ose S = TQ is a solvable finite group, 
where T is a &-subgroup of S and Q = EF is a Frobenius group z&h the follow- 
ing properties: (a) The Frobenius kernel F of Q is of odd prime order and is 
permutable z&h T. (b) The complement E of F in Q is of odd prime order and 
is permutable zoith T. Then one of the following holds: (i) T Q S. (ii) F 4 S. 
(iii) CT(E) contains a four-group. (iv) Z(S) contains a unique involution and 
C,(E) is generalized quartenion. 
LElbKvia 2.10 (Feit and Thompson [3]). Let L be a Frobenius group z&h 
the Frobenius kernel H and a complement A’. Let F be a $eld and suppose that 
char F does not divide 1 L /. Let FL be the group algebra of L over F. Let M 
be an FL-module and suppose that H does not act trivial<y on M. Then i?f 
considered as an FK-module contains a free FK-submodule. 
LEarnrA 2.11 (Thompson [14]). Let d be a p-subgrozcp of a f%zite group X 
and q &pr. If B is a minimal normal subgroup of A, then C(B) is p-solvable. 
If Q is any nonidentity element of M(A; q), tlsen N(Q) is p-solvable. If 
Q E IA(d; q) and S is a p-solvable subgroup of X wh.ich contains QA, then 
Q C O,,(S). Let Q and Q, be maximal elements of %%(B; q). !f Q and Q, are not 
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conjugate by any element of C(A), then f or each minimal normal subgroup B 
of A, either Co(B) = 1 or CoI(B) = 1. 
LEMMA 2.12 (Thompson [14]). Let X be a jinite solvable group zoith 
O,(X) = 1. Let E be an elementary 2-subgroup of X of order 2” f 1. Then 
X possesses a subgroup H contained in F(X) such that E normalizes H and 
EH = D, x D, . . x D, , zohere Di is dihedral of order 2pi with pi odd prime. 
LEMMA 2.13 (Bender [l]). Let X be a non-abelian Jinite simple group 
which possesses a proper subgroup H of even order such that for every involution 
i of H u)e have C,(i) C H. Then X is isomorphic to one of the following groups: 
L,(2”), Sz(2”), U3(29 with n 3 2. 
LEMMA 2.14 (Janko and Thompson [7]). Let X be a non-abelian finite 
simple group with the following properties: (i) An S,-subgroup of X has no 
normal elementary subgroups of order 8 and (ii) the centralizer of every involu- 
tion in X is solvable. Tlzen X is isomorphic to one of the following groups: 
L,(q), 4 odd and q > 3, 4 , Ml1 , L,(3), U,(3), [T,(4). 
LEMMA 2.15 (Thompson [15]). Let X be a non-abelian Jinite simple group 
all of whose local subgroups are solvable. Then X is isomorphic to one of the 
following groups: L,(q), q > 3, Sk(p), A,, L,(3), MI,, U,(3) and the Tits 
simple group. 
LEMMA 2.16 (Sims [lo]). Let X be a primitive permutation group on a 
finite set Q, and let X, be the stabilizer in X of an element a in Q. If X, has 
an orbit of length 3, then / X, 1 = 3.2”, where s < 4. 
LEMMA 2.17 (Thompson [ 1.51, Section 15). Let X be a non-abelian finite 
simple group which satisjes the assumptions (i) and (ii) of our Theorem A. 
Assume also that 2 E n4(X). Suppose p is an odd prime and P is a p-subgroup 
of X such that H(P; 2) is non-trivial. Let H be a maximal element of II(P; 2). 
Assume th.at 1 P 1 > 3. Tlzen N(H) contains a &-subgroup of X. 
The following two results are essentially contained in the second half of 
Section 13 of the N-groups paper of J. G. Thompson [15]. One has to make 
only some obvious changes in the proofs. 
LEMMA 2.18 (J. G. Thompson). Let X be a non-abelian finite simple 
group all of whose 2-local subgroups satisfy the assumptions (i) and (ii) of our 
Theorem A. 91~0 ‘Lue assume that 2 E Z-~(X). Then X does not have a maximal 
2-local subgroup M with the following properties: (a) m(A) < 2 for every normal 
abelian subgroup A of M. (b) M contains a noncyclic normal abelian subgroup 
B such that C,(b) _C Mfor all b in B+. 
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L~nmm 2.19 (J. G. Thompson). Let X be a non-abelian JTnite simple 
group all of whose 24ocal subgroups satisfy the assumptions (i) and (ii) of our 
Theorem A. Also we assume that 2 E ma(X). Then X does not have a maximal 
2-local subgroup M such that O,(M) is of symplectic type. 
Finally, we shall prove here the following two easy results. 
Lsntbr.\ 2.20. Let X be a$nite solvable group all of whose odd order Sylow 
subgroups are cyclic. Then we have X = O,,,,,,(X). 
Proof. We use induction on the order of X. Hence we may assume that 
O,(X) = 1. This implies that / F(X)1 is odd and so F(X) is cyclic. Since 
C(F(X)) = F(X), X/F(X) is abelian and so X has a normal 2-complement. 
LEnfivtA 2.21. Let X be a jkite solvable group all of whose odd order Syiow 
subgroups are cyclic. Assume also that O,(X) = I. Then X’ is a cyclic odd 
order subgroup of X. 
Proof. Since F(X) is cyclic of odd order, we have that X/F(X) is abelian. 
3. THE TRIVIALITY OF 2-SIGNALIZERS 
In the rest of the paper, G will always denote a minimal counter-example 
to our Theorem Il. 
THEOREM 3.1. The group G is simple. 
Proof. If O(G) # 1, then G/O(G) satisfies the conclusion of Theorem B 
and so does G. Hence we have O(G) = 1. Let N be a minimal normal sub- 
group of G. Clearly, N is a non-abelian simple group. We have C(N) G G 
and C(N) n N = 1. Therefore, C(N) has odd order and so C(N) = 1. If 
_V + G, then N is isomorphic to a simple group listed in Theorem A and G 
is a subgroup of Aut N. It follows that G = N, 
THEORBM 3.2. If T is a $-subgroup of G, then SCN&T) is nonempty. 
Proof‘ Suppose the above is false. Then Lemma 2.14 gives a contradic- 
tion. 
LEMMA 3.1. Let T be a &-subgroup of G. Then K = i;H / H E J&(T)> 
has odd order. 
Proof. Let HE I/I(T). Then H has odd or d er and let H, be a T-invariant 
SD-subgroup of H, p odd. Assume that O,( TH,) = 1. Let E be an elementary 
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subgroup of order 8 of T. By Lemma 2.12, the group TH, possesses a sub- 
group of the form D, x D, x D3, where Di is dihedral of order 2p. But 
then C(D,) contains a subgroup of type (p, p) which is a contradiction. 
Hence O,(TH,) -f 1 which itnplies that H, is cyclic. Therefore, T/C,(H,) 
is cyclic and so, in particular, T’ centralizes H, . It follows that T’ centralizes 
H and so K C N(T’). If T’ = 1, then a result of J. H. Walter [18] gives a 
contradiction. Hence T’ f 1 and so N(T’) is solvable. Lemma 2.7 implies 
that KC O(iV(T’)), and so K has odd order. 
LEMMA 3.2. Let A E SCN,(T) and set L = (X ] X E &(A)>. Then 
L = K. 
Proof. Let Q be a maximal element of kI(A; q) where q is an odd prime. 
By the transitivity theorem of Gorenstein [5], N(A) = C(A)(iV(Q) n N(A)) 
and also by a result of Thompson [13], we have C(A) = D x A where 
1 D / is odd. Thus D 4 N(A) and so D C K. Set F = N(Q) n N(A) so that 
F > A and so N(A) = DAF = DF. There is an element x E N(A) such that 
TX c F. Hence T” normalizes Q and so Q-’ C K. But x-l = fd, where f E F 
anddEDandso_0”-1 =_ Ofd = Qd C K. But D C K and so Q c K. It follows 
thatLCKandsoL=K. 
THEOREM 3.3. All 2-signalizns ilz G are trivial and so 2 E ne(G). 
Proof. Let B E U(T), where T is a &-subgroup of G. Note that B is 
contained in an element of SC-N,(T). Hence for every t E B+, we have that 
O(C(t)) C K which implies that (O(C(t)) / t E B*j has odd order. Then 
Lemma 2.2 gives that O(C(t)) = 1 for every t E B+. On the other hand, for 
t E B+, C(t) is solvable and if T* is a Sa-subgroup of C(t) containing 
TI = C,(t), then 1 T* : TI 1 < 2 and so Tr contains an element -4 of 
SCN,(T*). Since A normalizes C&t), we get CK(t) C O(C(t)) = 1. Thus 
K= 1. 
4. PRELIMINARY RESULTS ON INTERSECTIONS 
OF b'kXIMAL 2-LOCAL SUBGROUPS 
THEOREM 4.1. Let T be a S,-subgroup of G. There exists a maximal 
2-local subgroup M of G contairzing T such that / ll/r ( > 3 j T 1. 
Proof. Suppose the above is false. By Lemma 2.15, the group G possesses 
nonsolvable local subgroups. Let S be one of them. Then O(S) f 1. By 
Lemma 2.17, an A’,,-subgroup of any 2-local subgroup of S has order dividing 
3. Set X = SO(S) so that X/O(S) . IS a non-abelian simple group. There is a 
four-subgroup 1’ in X such that the three involutions in 17 are conjugate 
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in X. We have O(S) = (C(q) TI O(S))(C(V,) n O(S))(C(z’,) n O(S)), where 
sji , i = 1,2, 3, are the three involutions in I’. This implies that ! O(S)1 = 3 
or O(S) is elementary abelian of order 27. Suppose that we are in the second 
case. Then X/O(S) acts faithfully on O(S) and so X/O(S) -L,(3). But the 
structure of L,(3) implies that 9 1 1 Cx(z!,)\, a contradiction. It fol!ows that 
j O(S)\ = 3, and so O(S) C Z(X). Every 2-local subgroup of X/O(S) must 
be a 2-group, a contradiction. 
HYPOTHESIS 4.1. Let T be a jixed &-subgroup of G. These exist two 
distilzct maximal 24ocal subgroups Al and N of G zohich contain T and 
M n LV + T. 
All lemmas in this section are proved under Hypothesis 4.1. Let D be a 
&,-subgroup of ild n IV, let E be a S,,-subgroup of M containing D and 
let F be a &-subgroup of N containing D. If both E and F are not abelian, 
then we shall assume that E is non-abelian. We shall fix this notation in the 
rest of this section. 
LEbrMh 4.1. Let X be a maximal 2-local subgroup of G containing T and 
let S be a S,,-subgroup of X. Let U be an odd order subgroup of G with the 
following properties: (a) U is permutable with T. (b) S n CT contains a sub- 
group S, # 1 such that S,, 4 (U, A’>. Then U is contained in X. 
Proof. Since S is permutable with T, we have that K = <U, S> is permu- 
table with T. Hence L = TK = KT is a subgroup of G containing X and U. 
Also note that K normalizes S, . Thus Y = filsL. Xz = nkEK Sk 2 S, + I 
and so Y is a nonidentity solvable normal subgroup of L. Let I’+ be a minimal 
normal subgroup of L which is contained in I;. Hence Y* is a p-group. The 
case@ odd contradicts Theorem 3.3. It follows that p = 2 and so L is contained 
in a 2-local subgroup of G. The maximality of X forces L = _Y and so 
UCX. 
The following result is in fact proved in Section 15 of the N-groups paper 
of Thompson [1 51. Together with some obvious changes in the proof, we 
also use Lemma 4.1. 
LEMMA 4.2 (J. 6. Thompson). The subgroup E is a Frobenius g~‘oup z&r 
kernel E’ (which is cyclic) and a complement D. Also F is cyclic, ! E : D j is 3 
or 5 or 15. The group D normalizes T and N(T) C M. Let Al(T) be the set 
of all maximal 2-local subgroups of G zuhich contain T. L.et p be the largest 
prime in UXEdtdtTJ r(X). Then p > 7. Also M is the unique element in A’(T) 
zohose order is dizisible by p. Furthermore, M is the unique element in AZ(T) 
whose &,-subgroup is non-abelian. Let A, = Z(T), A, = j(T)? d, = %(jI(T))), 
@r/21/3-8 
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and let I = {i 1 1 ,( i < 3, p / 1 No(&)]). Thefz 1 I / 3 2 and if i E I, then 
NG(Ai) c M. 
LEMMA 4.3. The subgroup D is a Hall subgroup of F. 
Proof. Suppose the above is false. Then F possesses a S,-subgroup F, , 
where q E (3, 51, F, $ D and /F, [ > q”. S’ mce F is cyclic, F, is permutable 
with T. We have N(T) n TF, = TzTl(F,). Since T is normalized by 
V(F,) f 1, it follows that T _C O,j TF,) and so T is normal in TF, , a contra- 
diction. 
LEwnra 4.4. For every subgroup D, of prime order of D, the group C,(D,) 
contains a four-group. 
Proof. Suppose the Lemma is not true. Then D possesses a subgroup D, 
of prime order such that C,(D,) does not contain a four-group. Let 
V = O,(&I)/D(O,(M)) so that the Frobenius group E acts faithfully on V. 
By Lemma 2.10, T’ considered as an FaD-module contains a free FaD-sub- 
module IV. Thus / W [ = 2clDi, where c is a positive integer and 
/ C,(D,)j = 2~Ioiilo0I. This forces D = D,. Hence 1 D 1 = Y is a prime. 
Let s be a prime dividing 1 E’ I. Let A be a Sa,r,s-subgroup of M which 
contains TD. We have B = A n E = DE,‘, where E,’ is the unique S,-sub- 
group of E. Thus if we consider an S;, , ,-subgroup of A which contains T, we 
see that E,’ is permutable with T. Since E,’ is cyclic, so P = Ql(E,‘) is 
permutable with T, and so the group TDP satisfies the assumptions of 
Lemma 2.9. By this lemma, we have either T 4 TDP or Z(TDP) contains 
a unique involution t and C,(D) is generalized quaternion. We have 
C,(D) = FCI(D). Assume that T is not normal in TDP. Act on O(C,(D)) 
with C,(D) and realize that t centralizes O(C,(D)). On the other hand, a 
result of Brauer and Suzuki [2] shows that (t) O(C,(D)) Q C,(D) and so 
t E Z(C,(D)). Hence t E Z((N, Pj), a contradiction. We have proved that 
T 4 TDP, and so T C O,(M) for every s E V(E), and so N(T) = M. Hence, 
j I I = 3 and so Lemma 4.2 and Lemma 2.4 imply that 1 F : D I = 3. Also 
Lemma 4.3 implies that Y > 3. Let L be a subgroup of order 3 in F which 
is permutable with T. Thus F = L x D and set H = O,(N). Clearly, 
I T : H 1 = 2. Set W = [Q,(Z(H)), L]. If W = 1, then L centralizes Z(H) 
and so L centralizes Z(T) which implies that N(Z(T)) > (M, N), a contra- 
diction. Hence W + 1. Put d = max(m( Y) I Y is abelian subgroup of T}. 
Since j(T) 4 M, we have that J(T) $ H. There is an abelian subgroup I 
of T such that m(V) = d and V g H. Since I Qi(Z(H)) : V n Q,(Z(H))i < 2, 
we get that W is a four-group. But IV is D-admissible and since r > 3, we 
get [IV, D] = 1. Hence D centralizes a four-subgroup in T, a contradiction. 
The lemma is proved. 
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LEMMA 4.5. For every subgroup D, of prime order p of D, the group C,(DO) 
is not solvable and a Sp-subgroup of G is noncyck. 
Boqf. Assume that an SD-subgroup of G is cyclic. By Lemma 2.3, 
C(D,) is p-solvable. Note that T is a maximal element of M(1), ; 2). We 
apply now Lemma 2.11. Let x E N(Q). Then T and TX are maximal 
elements of M(D,; 2) and C,(D,) # 1, C,(D,) + 1. Hence there is an 
element y E C(D,) such that T = Txg. We have my E N(T) n IV(&), and 
so x E (N(T) n N(DO)) C(D,). Th us we get N(D,j = (rV(T) n iV(D,)) C(Q,>. 
But N(T) n N(D,) centralizes II, and so N(D,) = C’(&) which implies that 
G has a normal subgroup of index p, a contradiction. 
We have proved that an SD-subgroup of G is noncyclic. Hence an S,-sub- 
group of C(D,) is noncyclic. Suppose that C(L),} is solvable. By Lemma 4.4, 
C(D,) contains a four-subgroup T/. Let L be a S,,,-subgroup of C(Q) which 
contains FD, . Since O,(L) = 1, we can apply Lemma 2.12. Hence L pos- 
sesses a subgroup D, x D, where Di is dihedral of order 29. But D, $ DID, 
and so C(I),) contains a subgroup of type (p, p), a contradiction. The lemma 
is proved. 
LEnlnr-4 4.6. We have (1 F I, / E’ 1) = 1 and E’ is a {3, 5)-‘-go-oup. dlso Ad 
is the only maximal 2-local subgroup of G containing T zLJzose order is divisible 
by a pnhze in n(E). 
Proof. Since E is a Frobenius group of odd order with kernel E’, we 
have that E’ is a (3,5)‘-group. Also (I D 1, 1 E’ I) = 1 and so (1 F i, / E’ I) = ! ” 
Let Y be a maximal 2-local subgroup of G which contains T such that 
F ] ! Y /, where Y E n(E’). Let s be the largest prime in r( Yj so that s >I,>5 
and in particular s T ( D /. By Lemma 2.5, there is i E I such that 
1111 NJkIJ I TS* where S* is a S,-subgroup of I’. Let L be a &,-sub- 
group of M containing TS*. We have that L n E is the unique S,-subgroup 
E, of E. Let E,* = Es n TS* so that E,* pu S*. Let S be a S,,-subgroup 
of Y which contains E,‘[: so that E,* Q S. Also E, c E’ and so E,* (! E.. 
%yLemma4.1,ECYandsoY=iW. 
5. A THEOREM OX %REDUCIBILITT 
The following result is basic for the whole paper. 
LEiWUA 5.1. Let hr be a maximal 2-local subgroup of G which possesses a 
subgroup 2, such that j N : No / = 3. Th en one of the ,follozui?zg holds: 
(i) <f T, is a S,-subgroup of N, , then N&( T,,) g N, . 
(ii) NG(N,,) = N,, . 
(iii) T, does not contain any element of SCN8(2). 
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Proof. Suppose the lemma to be false. Then G has a maximal 2-local 
subgroup N with the following properties. There is a subgroup N, of index 3 
in N such that N(N,) f N, and if T, is a &-subgroup of N,, , then 
N,“(T,) _C N, and T,, contains an element of SCNs(2). We get that N, is not 
normal in N and so N(N,) $ N. Let G,, be a subgroup of G which contains 
N as a maximal subgroup. We have O,(G,) = 1 and since T,, contains an 
element of SCNs(2), we have also O(G,) = 1. This implies that G,, is non- 
solvable. Also 1 is the only normal subgroup of G, which is contained in N. 
Hence G,, represented on the (left) cosets of N in G,, is a primitive permuta- 
tion group. 
Assume at first that NGO(Nu) + N,, . Then Lemma 2.16 implies that 
1 N, [ = 2” with s < 4. Since T,, = N, contains an element of SCNa(2), a 
result of Wong [21] implies that G,, ~1 Aut SL(3, 3). Here Aut SL(3, 3) may 
be regarded as an extension of SL(3, 3) by a t ranspose-inverse automorphism 
t and N = (t) x (C(t) n SL(3,3)), where C(t) n 2X(3,3) -x4. Hence 
the element A of SCNa(2) h h w ic is contained in T,, must be elementary of 
order 8. This shows that an .$-subgroup T of G has order < 26. An Ss- 
subgroup T* of G, does not have normal elementary subgroups of order 8, 
and so 1 T j > / T* 1 which implies that 1 T j = 26. Let T be a Ss-subgroup 
of G containing T* and let B be an elementary normal subgroup of order 8 
of T. Let T,* = T* n 5X(3,3). Then B r\ T* is a normal four-subgroup 
of T*. Since T,* has no normal four-subgroups, we have B n T* $ Tl*, 
and so there is an involution t* E B n T* - SL(3, 3). Note that t” is conju- 
gate to t in G, . But Cc,(t) = N is a maximal 2-local subgroup of G and, 
on the other hand, Cc(t*) 2 B, and so Cc(t*) $ G, , a contradiction. 
Hence we must have N,o(N,,) = N, , which implies that G # G, . We 
may apply our Theorem B to G,, . The group G,’ is non-abelian simple. 
Assume at first that G,,’ 5L,(2%), n > 3, Sx(2”) or Us(2”), ?rz 3 2. In 
particular, G,,/G,,’ has odd order. Thus H = O,(N) C G,‘. But N(H) n G,’ 
is 2-closed and so H is a &-subgroup of G,’ and N is 2-closed. Hence 
T,, a N, a contradiction. Assume now that G,,’ -L,(q), p odd, q # 9 or 
Ml,, . Then a S,-subgroup of G, is dihedral or quasi-dihedral, and so T,, 
does not contain any element of SCNa(2). Assume that G,’ -L,(3) or 
U,(3). The presence of an element of SCNa(2) in To implies that 
G, 1v Aut L,(3) or G,(2), where G,(2) is isomorphic to Aut U,(3). Since N is 
a maximal subgroup of G, and N is solvable, we have N $ G,‘, and so 
G,, = G,‘N. If O,(N n G,‘) = I, then N = C(t) n G,, , where t is an involu- 
tion in G, - G,,‘. But then C(t) n G,’ N &, a contradiction. Hence 
H = Os(N n G,‘) + 1, and so N = NGO(H). Every 2-local subgroup in 6, 
has order 3 . 2”, a > 0, and so N,, = To which together with N,o(N,) = N, 
gives that N n Go contains an S,-subgroup of G,‘. It follows that 
N n G,’ = C(z) n G,‘, where x is an involution in H. Also Z(H) is cyclic 
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and so N = C,(z). The center of an $-subgroup of G, is cyclic and so an 
S,-subgroup of G, is also a &-subgroup of G. The presence of an element of 
SCNs(2) in T, rules out the case G, N Aut L,(3). If G, N G,(2), then a 
characterization of G,(2) by Thomas [12] shows that G = G, I a contradic- 
tion. Assume now that G,, e A4ut il, . Since N is a maximal subgroup of 
6, , we have G, = NG,‘. Since 3 1 / N /, we have j N / = 3 . 2”, n > 0, and SO 
T,, = N, must be a S,-subgroup of G, . It follows that N n 6,’ rv Ca , and 
so N = F; x (N n Go’), where I’ is a four-group. This is a contradiction, 
because a &-subgroup of Aut A, is the holomorph of a cyclic group of 
order 8. Suppose that G, N x6 . We have again G, = NG,’ and T, = X0 
is a &-subgroup of G, . It follows that N = (tl; x (C(t) n Go’), where : is 
an involution in G,, - G,‘. Also N = C,(t). Let (-f> x liO = A be an element 
of SCNa(2) w-hich is contained in T,, , where /T, is a four-subgroup of 
T, n 6,‘. Since NG(To) f To and since To does not admit any + 1 odd 
order automorphism, and since N = C,(t), it follows that T0 is not a S,- 
subgroup of G. Let T* be a &-subgroup of Nc(J) so that T* 3 To . This 
implies that I’,, is not normal in N. Let T, be a subgroup of T* which con- 
tains T,, as a subgroup of index 2. Since Tl normalizes ;P, so T, normalizes 
Bj where A and B are the only two elementary subgroups of order 8 of Ttj. 
But B Q N and so N(B) > (N, T,), a contradiction. 
It remains to analyse the case where G,,’ is isomorphic to the Tits simple 
group. We have either G0 = G,,’ or G,,/G,,’ has order 2 in which case G0 
is isomorphic to the Ree group over the field Fa of 2 elements and there are 
no involutions in G, - G,‘. Since N is a maximal subgroup of G, , we have 
G, = -VG,‘. Set Nr = N n G,’ and Hi = O,(N,). Since there are no involu- 
tions in hi - N, , we have Hr + 1 so that N = N,(H,) and Nr is a ?-local 
subgroup of G,,‘. We shall be using here some very delicate properties of 
G,’ which have been established by D. Parrott [9]. Every 2-local subgroup 
of G,’ has order 2Q . 3 or 2b . 5. This implies that N,, = To, and so the fact 
that L%7G,(N0) = N, shows that T,, is a S,-subgroup of G, . In particular, 
T, = Ts n hi, is a &-subgroup of G,‘, j T, : H1 1 = 2 and N, = TJ, , 
where 1 A, / = 3. We have Z(T,) = Z(T,) = (z:\, where z is an involution 
in Hr . Also E1 = Z(H,) is a four-group and A, acts faithfully on E1 . We 
have N = No(E,) and E1 = (2, t>. We know that K = C(z) n Go’ = T,$l, 
where j Q / = 5. Set J = O,(K), so that / T, : J I = 4. The group E = Z,(J) 
is elementary of order 32 and since t centralizes a subgroup of index 2 in 
Tr , we have E, C E. Also Z(J) = (z). Set U = Q1(To), so that U= Q,(T,), 
and 0’ contains J as a subgroup of index 2. We have Z(U) = (2) and also 
E and J are characteristic subgroups of U. The group 7;; does not admit 
any # 1 odd order automorphism. The Frobenius group K/J of order 20 
acts faithfully on El(z). We use now the fact that N&T,,) f T,, = We have 
NG(To) n G, = T,, . Also N(T,) normalizes U and the characteristic sub- 
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groups E and (z) of U. Since NG(El) = N and E > E1 I) (x}, it follows that 
N( T,)/T,, acts faithfully on E/(x> which also shows that N( T&T,, is a 
2-group. We have that (NG(TO), K) normalizes E and (z) and so is a solvable 
subgroup of G. But C,(E/(z>) _C TO and a solvable subgroup of GL(4,2) 
which contains a Frobenius group of order 20 as a proper subgroup has 
order 60. Note also that (N(T,,), K) normalizes J and so a cyclic group of 
order 15 in N(J) would act faithfully on J and also on J/E, where E = D(J). 
Hence the cosets of (J/E)+ are permuted transitively by N(J) which implies 
that either all these cosets contain involutions or no one of these 15 cosets 
contains involutions. This is not the case and our lemma is proved. 
LEMMA 5.2. Let T be a S,-subgroup of G. Then one of the follozkng holds: 
(a) Hypothesis 4.1 is satisjied. (b) No(T) = T. (c) Thae is only one maximal 
2-local subgroup of G which contains T. 
Proof. Suppose the Lemma is false. Let M be the unique maximal 2-local 
subgroup of G which contains N(T). Let N be a maximal 2-local subgroup 
of G which contains T such that N # M. Then we have M n N = T. For 
every nonidentity characteristic subgroup B of T, we have N,(B) _C M. 
Then Lemmas 2.4 and 2.6 imply that j N : T 1 = 3. By Lemma 5.1, this 
gives a contradiction. 
HYPOTHESIS 5.1. Let T be a $xed S,-subgroup of G. We choose a maximal 
2-local subgroup M of G containing T in the following way. If Hypothesis 4.1 
is satis$ed, then Ad is the unique maximal %-local subgroup of G containing T 
which has non-abelian &r-subgroups. If Hypothesis 4.1 is not satis$ed, then M 
is any maximal 2-local subgroup of G containing T such that 1 &I 1 > 3 ’ / T I. 
We set Y = D,(R,(M)) and assume that j Y 1 3 8. 
All the remaining lemmas in this section are proved under Hypothesis 5.1. 
LEMMA 5.3. For ev~y hyperplane Y, of Y, we have C,(Y,) C M. 
Proof. Suppose the above is false. Then there is a hyperplane Y,, of Y 
such that C( Y,,) g M. Set C = C,( YJ, C,, = C&Y,). If M/C( Y) is a 2-group, 
then M = C(Y) and so M = C, a contradiction. Hence M/C(Y) is not a 
2-group. If Hypothesis 4.1 is satisfied, then we use for subgroups of M the 
notation introduced in Section 4. 
Case 1. C, = C,(Y). 
Set TO = T n C, so that TO is a &-subgroup of C, . Let B, # 1 be a char- 
acteristic subgroup of TO such that N,(B,) g M. Since N(B,) covers M/C(Y) 
and M/C(Y) is not a 2-group, it follows that Hypothesis 4.1 is satisfied. By 
Lemma 4.6, we must have E’ C C,, . We have M = TDE’ = TDC, and we 
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know that TD is 2-closed. Hence M/C, is 2-closed and SO flf/Ca has odd 
order. It follows that T c C,, , which contradicts Lemma 4.6. We have 
proved that for every #1 characteristic subgroup B of T, , we have 
C,(B) C M. In particular, T,, is a &-subgroup of C. By Lemma 2.1, we 
have O(iV(Y,,)) = 1 and so O(C) = 1. By Lemma 2.7; the group T, does not 
normalize any j;l odd order subgroup of C. After that we use Lemmas 2.4 
and 2.6 to see that / C : C,, 1 = 3. Let A be a Sa-subgroup of C which is 
permutable with T, . Then A g M and / T,, : T, ( = 2, where T, = O,( T&. 
Suppose that N(T,) C N(T,). Since M/C, is not a 2-group, we see that 
Hypothesis 4.1 is satisfied. We get again that E’ c C,, which forces also that 
T C C, , a contradiction. Hence there is an element 111 E N(T,,) - _V(T,). 
Since uz E M, we have that Y,, n Yom + 1. Set L = CC’, C?) and note that 6, 
centralizes 16 n Y,,m which implies that L is solvable and has cyclic ,S,-sub- 
groups. Since Tl is normalized by Isz and T,” is normalized by L’ll”b, it follows 
that T, = (T, , TITfi> C O,‘(L). Thus A normalizes T, I a contradiction. 
Case 2. C, f C,(Y). 
Since C,, stabilizes the chain Y 3 Ii, 1 1, it follows that C,/C( I’) f 1 is 
an elementary abelian 2-group. We act with m = M/C(Y) on Y and for 
every subset X of M, set X = XC(Y)/C(Y). Let x E C, - C(Y). Then 
x inverts a subgroup P of odd prime order p in M. Since .Z centralizes a 
hyperplane of Y, it follows that P centralizes a subgroup of index 4 of Y 
and SO p = 3 and W = [Y, p] is a four-group. Thus SL(2,2) is involved in 
M and so the results of Section 4 imply that Hypothesis 4.1 is not satisfied. 
Let T,, be a S,-subgroup of C, and let T* be a S,-subgroup of M which 
contains T, . Let z E (Z(T*) n Y)“. If z E Y - Y0 , then T, centralizes I; 
a contradiction. Hence we have x E Y, . It follows that C,(Z) > (T*, C> ($ fig 
and so C(Y) = O,(M) is a 2-group and Lemma 5.2 implies that NG( Tj = T. 
This gives that S,,-subgroups of M are cyclic. Hence P is normal in il$ 
which implies that W is a normal four-subgroup of M. Let ‘u be an involution 
in Z(T*)n W so that VEY~. Since lM >3./ TI, we see that Wis 
centralized by some #I odd order subgroup of M and on the other hand 
C,(v) 1 (T”, C> $ M. This contradicts the fact that Hypothesis 4.1 is not 
satisfied, The lemma is proved. 
LERrivra 5.4. If Y, is a hyperplane of Y and i is an imolution of Ad mch 
that C,(i) = Ii,, then [Y, i] = (j) has order 2 and M is the onb maximal 
2-local subgroup of G containing C,,(j). 
Boof. For every subset X of M we set X = XC( Y)/C( Y) and act with 
1W on E’. Let P be a subgroup of odd prime order p which is inverted by 2. 
Since i centralizes the hyperplane Y0 of Y, it follows that H centralizes a 
subgroup of index 4 of Y. Hence W = [Y, P] is a four-group, and sop = 3. 
472 JANKO 
This implies that Hypothesis 4.1 is not satisfied (since SL(2, 2) is involved 
in M). We have [Y, i] = [IV, i] = <j) has order 2 and j E II’ n I/, . Since 
a Sa-subgroup of ii? is abelian, it follows that j lies in the center of a Ss- 
subgroup T* of fitr. We may assume that M is not the only maximal 2-local 
subgroup of G containing T*. Then Lemma 5.2 implies that N,(T*) = T* 
and so a S,,-subgroup of M is cyclic. This gives that P a iV, and so W is 
a normal four-subgroup of M. Since j M 1 > 3 . j T j, it follows that W is 
centralized by a fl odd order subgroup of M and since Hypothesis 4.1 
is not satisfied, M is the only maximal 2-local subgroup of G containing 
Cdi)- 
LEMMA 5.5. We have Y C Z( Y*), where Y* = V(ccl,(Y); T). 
Proof. Suppose it is false. There is g E G such that X = Yg C T but 
X $ C(Y). We use Lemma 5.3 and Lemma 5.4 and see that the proof of the 
corresponding lemma in section 13 of the N-groups paper of J. G. Thomp- 
son (151 gives a contradiction. 
LEMMA 5.6. One of the following holds: 
(i) M is the only maximal 2-local subgroup of G containing N&Y*), 
where I’* = V(ccl,(Y); T). 
(ii) For every involution i in Y, the group M is the only maximal 2-local 
subgyotip of G containing CM(i). 
Proof. Suppose that Hypothesis 4.1 is satisfied. If E’ ,& C(Y), then 
Lemma 4.6 implies that (i) holds. If E’ C C(Y), then T C C(Y) and Lemma 4.6 
shows that (ii) holds. Assume that Hypothesis 4.1 is not satisfied. If 
C(Y) = M, then (ii) holds. If C(Y) # M, then M/C(Y) is not a 2-group 
and so (i) holds. 
LEMMA 5.7. One of the following holds: 
(i) N&Y*) C Ad, where Y* = V(cclo(Y); T). 
(ii) iV,( IVa) C M, zukere IV0 = Z( Wi) and 
WI = (V(ccl,(X); T) 1 X _C Y, j Y : X / ,( 2). 
Proof. Suppose the contrary is true. Let Q be a +l S,-subgroup of 
M, q an odd prime, which is permutable with T. Then Q is cyclic, 
O,( TQ) = 1, and so H = O,( TQ) + 1. If Hypothesis 4.1 is satisfied, then 
we assume in addition that q E a(E). Since N,( Y*) c M, we get that Y* $ H. 
In particular, T/H is a nonidentity cyclic 2-group. There is an element 
g E G such that Yr = Yg _C T but Yi g H. Thus 1 Yi : Y1 n H ] = 2. Let 
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y E Y, - H so that we may assume that y inverts Q. Let Y,, = 1, 17 H, SO 
that Ya is of index 2 in Y, . Let HI be the normal closure of I’, in TQ. We 
have HI C H. Since Hi Z T, we have H1 C Fl:, ~ Let C = C&N,) SO that 
C 4 TQ. Since C centralizes Y, , it follows by Lemma 5.3 that C C %rS. 
Hence C normalizes Y1 and since y inverts Q, we get that C is a ?-group 
and so C C N. Thus C is a 2-subgroup of Mg which centralizes the hyper- 
plane Y, of Ys. By Lemma 2.12 applied to Jd~/C(E-o), we see that 
C : C n C(Y,)\ < 2. Thus y centralizes a wbgroup of index at most 2 of 
C and so Q centralizes a subgroup of index at most 4 of C. On the other 
hand, TV’,, _C C and since MG( Wa) is not contained in M, we have that 
NTo(FVt,) = T. Hence Q acts faithfully on C and so j Q / = 3. This shows 
that Hypothesis 4.1 is not satisfied since 3 $ @‘). But then q is any odd 
prime divisor of 1 M 1, and so / M 1 = 3 . j T 1, a contradiction. The lemma 
is proved. 
LEn,nvrA 5.8. i;lssu~ne thatfor every subgroup 16 of Y such that j Y : 16 j = 4 
we have C,( Y,) C M. Then 1 1-Q : Y0 n Ad j < 2, for g E G, implies that 
I79 c M. 
Proof. Suppose the Lemma is false. Choose g E G such that 
j YQ : Y” n AJ j = 2 and set X = YQ A M. Let X0 = X A C(17) and let X1 
be a complement to X, in X. Assume that ( X1 1 < 2 so that our assumption 
gives that C,(X,J C MQ. In particular, Y C i1f’ and so [Y, Y”] = 1, by 
Lemma 5.5. This is a contradiction and so 1 Xi j = 2”, d 3 2. By 
Lemma 2.12, we can find an abelian subgroup 4 of F(M/C( Yj) such that 
A = B, x ... x & , Ai is of prime order pi, Ai admits Xi, 1 < i < 6, 
and X1 acts faithfully on 8. Let Y+i = C,$,&), so that i X1 : Yi ] = 2, 
1 < i < cl. Let Wi = [Y, A,] and IVi* = W, 0 C(YJ. Suppose Wi* con- 
tains a four-subgroup 2 such that Z n C(X,) = 1. Since YiXO centralizes 
TV;*, it follows that lNi* C Mg and so, in particular, Z C J/l”. Since 
Z n C(X,) = 1, we have Z n C( Yg) = 1, Z c Illg and Z centralizes a subgroup 
of index 4 of P. By Lemma 2.12 this is impossible. Hence 2 is not available. 
Let yi be an element in X, - ITi . Since Wi* n C&Y,) = Wi* .n C(yi), it 
follows that yi centralizes a subgroup of index 2 of TVl*. Since JJ? inverts 
& and Ai has no fixed points on IV’“, it follows that 1 Wi* 1 = 4 and 
pi = 3. Since d > 2, we get that A is a noncyclic elementary 3-group, a 
contradiction. 
LEMMA 5.9. One of the following holds: 
(i) There is an invohction i in Y such that C,(i) $ Al. 
(ii) If g E G and Yg n M f 1, tlae?z YQ !l M. 
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Proof. Suppose the above is false. Choose g E G such that 
x=Ygnnf+i 
but X f Yg. Choose x E X*. Since C,(x) Z Mg, it follows that Y n MB + 1. 
Choose v in (Y n n/19)+. Since C(v) n YQ is noncyclic and C’,(V) C M, it 
follows that X is noncyclic. Let Xr , X, be distinct subgroups of X of order 2, 
Xi = (xi), i = 1, 2 and x3 = xrxa . For each i = 1,2, 3, let Y,: = Y n C(q) 
so that Yi C Mg. Let X0 = X n C(Y) and suppose that X0 f 1. Then 
C&X,,) _C Mg, so that Y _C Mg and [Y, Yg] = 1, a contradiction. Hence 
X0 = 1. Since [“vj , YJ _C Y n Yg = 1, we have a contradiction by Lem- 
ma 2.12. 
LEMMA 5.10. There is a subgroup Y,, of index 4 of Y such that 
GWCJ !z hf. 
Proof. Suppose false. Assume at first that M is the only maximal 2-local 
subgroup of G which contains T. Let S be the set of all maximal 2-local 
subgroups X of G which have the following two properties: (a) X # M, 
(b) X > Y. Assume that S is nonempty. Let N be an element in S such that 
] M n N I2 is maximal. Let A be a $-subgroup of M n N so that A is not 
an ,&-subgroup of M. The maximality of 1 M n N Ia forces that for every 
nonidentity characteristic subgroup B of A we have N,(B) _C M. In particular, 
A is a ,$,-subgroup of N. Also O(N) = 1, and so A does not normalize any 
+l odd order subgroup of N. We use Lemmas 2.4 and 2.6 and see that 
[ N : M n N 1 = 3. Let Q be a &-subgroup of N which is permutable with 
A and set H = 4Q. We have / A : O,(H)] = 2 and Q $ M. Set 
w* = V(cclc,( Y); ,4). 
If tV* _C O,(H), then N&W*) g lid and 1 N&J+‘*)/, > ] A /, a contradiction. 
There is g E G such that Yg C ,4 but Yg g O,(H). Hence we have that 
Yg n O,(H) is of index 2 in Yg. Let Q = (4). Then Ygq n M has index 2 
in Ygq which contradicts Lemma 5.8. This proves that S is empty. In 
particular, (i) of Lemma 5.9 does not hold and so (ii) of that lemma holds. 
Let g E G be such that Yg n M # 1. Then YQ C M. But Mg is the unique 
maximal 2-local subgroup of G which contains Yg. Thus M = Mg, and so 
g E M. Let i be an involution in M. Let U be a S,-subgroup of C,(i) and 
let U* be a S,-subgroup of C,(i) which contains U. Suppose that U* 3 U. 
Choose u E (N(U) n U*) - U. Since Y n U f 1, so also 
(Yn U)u = Yun U + 1. 
Thus u EM, a contradiction. Hence U* = U. Set U, = O,(C,(i)), so that 
U,,C UandU,n Y# l.HenceifwEC,(i),then(U,n Y)* = U,n YV#l 
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which implies that ZI E M. We have shown that for every involution i in >a 
we have C&l.) C M. This is a contradiction by Lemma 2.13. 
We have proved that M is not the only maximal 2-local subgroup of G 
which contains T. Let N be a maximal 2-local subgroup of G which contains 
T and N f AI. Let Q be a S,-subgroup of N, q an odd prime, which is 
permutable with T and Q g AT. Then Q = (q) is cyclic, and so T/K is 
cyclic, where K = O,(TQ). Define Y* and ~JJ> as in Lemma 5.7. Assume 
that N,JY*) Q M. Th en by Lemma 5.7 x1-r-e have WI $ K. Hence there is a 
subgroup I’t of Y and an element g E G such that 1 ET : Yz i < 2, 1-r” c T 
and Yrg $ K. Then I;“” n A3 f 1 byt Yfq $ M. On the other hand, Lem- 
ma 5.6 shows that (i) of Lemma 5.9 does not hold. Thus (ii) of Lemma 5.9 
must hold. This is a contradiction. We have shown that No(Y*) c M. This 
implies that I’* $ K, and so there is 12 E G such that Yh C T but IT” $ I(. 
Hence Y” n I< is a subgroup of index 2 of Yh and so 1’“” n AT has index 2 
in Yii* which contradicts Lemma 5.8. Our lemma is proved. 
We shall use now Lemma 5.10 to prove our theorem on 2-reducibility. 
Let Y0 be a subgroup of index 4 of Y such that C,( YO) e AI. By Lemma 5.4, 
Al is the only maximal 2-local subgroup of G containing X&I-*‘), ,where 
Y* = F(ccl,(Y); T). Clearly, C,(YJ I C(Y). 
Assume that C,(Y,,) = C(Y). Let T,, = T n C(Y), so that To is a &sub- 
group of CM(YO). By Lemma 5.5 we get IT* C T, and assume that Jf is not 
the only maximal 2-local subgroup of G which contains N&To). If Hypoth- 
esis 4.1 is satisfied, then E’ c C(Y) which forces T _C C(I). But then 
C,(Ya) _C M, a contradiction. Hence Hypothesis 4.1 is not satisfied which 
implies M = C(Y), a contradiction. We have proved that IV is the only 
maximal 2-local subgroup of G which contains M,(Ta). This implies that 
No(B) c A!! for every nonidentity characteristic subgroup 3 of T, . In 
particular, To is a &-subgroup of C,(Y,). Also every 2-signalizer in C,(I’,) 
is trivial since O(C,(Y,,)) = 1. Then the factorization Lemmas 2.4 and 2.6 
imply that 1 C,(Y,) : C(Y)1 = 3. Let A be a &-subgroup of C(YO) which 
is permutable with T,, , so that A is cyclic, A $ &I, and / T, : Ei j = 2, 
where H = O,(T,A). Since Y C Z(T,,), we have Y c ,cZ,(Z(W)) = W. Since 
NG( Y *) r IV, we have Y* $ H and so there is g E G such that flu C T, but 
E’s $ H. Let E E Yg - H and we see that we may assume that x inverts A. 
Since TV centralizes a hyperplane of Y”, we get WC Mg, by Lemma 5.3. 
Since 4 $ M and Y _C IV, we see that d does not centralize W and so also x 
does not centralize IV. Since W centralizes the hyperplane Yg n N of Yg 
and it’ normalizes Yg, it follows that 1 W : C,(Yg)i = 2, and so C,,(x) is a 
hyperplane of TV containing Y. Hence C,,(A) is a subgroup of index 2 of 
C,(x) which shows that a centralizes a hyperplane of Y, a contradiction. 
We have proved that C,( Y,) # C(Y). A ssume that C&Y&C(Y) is not 
a a-group. Let P be a &-subgroup of C,(Y,). We have P e C(Y) and 
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N,(P) = Y, . On the other hand, fif/C(Y) is 2’-closed and so C(Y)N,,(P) 
contains a &-subgroup of M. It follows that NG(Yo) contains P and an 
&-subgroup of M which implies that Hypothesis 4.1 is satisfied. Suppose, 
in addition, that C,( Y,,)/C(Y) has even order. Let x be an element in 
C,( Y,,) - C(Y) such that x2 E C(Y). S’ mce x centralizes a subgroup of index 
at most 4 of Y and O,(M/C( Y)) = 1, it follows that a dihedral group of 
order 6 is involved in M. This is not the case because M is 3’-closed. Hence 
C,( Y,,)/C( Y) has order 3. The group T, = T n C(Y) is an &-subgroup of 
C&Y,). If E’ n C(Y) f 1, then we consider NG( Y,) and see that Lemma 4.6 
is violated. Hence M is the only maximal 2-local subgroup of G which con- 
tains N&T,,). For every nonidentity characteristic subgroup B of To we 
have N,(B) C n/r. In particular, To is a &-subgroup of C,(YJ. Also we 
have by Lemma 2.1 that O(C,(Y,)) = 1. By Lemmas 2.4 and 2.6 we get 
that 1 C,(Y,,) : C,(Y& = 3. On the other hand, To is normalized by a sub- 
group of order 3 of C&Y,,) which implies that To C O,~(C,(Y,)), and so 
W3 n G(Yo) . 1s not contained in M, a contradiction. 
We have shown that C,(Y,)/C( Y) . IS a nonidentity %-group. Also a S,- 
subgroup of M/C(Y) is abelian, by Lemma 2.21. Let y E CM(YO) - C(Y) 
such that y2 E C(Y). Since y centralizes a subgroup of index at most 4 of Y, 
it follows that either a dihedral group of order 6 or a dihedral group of 
order 10 is involved in M. This shows that Hypothesis 4.1 is not satisfied. 
Let Tl be an &.-subgroup of C,(Y,,), T* an &-subgroup of M containing 
Tl , and T,, = T* n C(Y). S’ mce Tl centralizes Y, and O,(niljC(Y)) = 1, 
we get by Lemma 2.12 that TJT,, is cyclic. If 1 TJT,, 1 > 2, then there is an 
element ZL’ E Tl - T,, such that 9 E To and C,(x) is a hyperplane of Y. 
Assume that M is the unique maximal 2-local subgroup of G containing T. 
Then Ql(Z(T*)) n Y, = 1 and, on the other hand, Q,(Z(T*)) C Y. This 
implies that 1 Q,(Z(T*))I = 2, Z( Tl) n Y = Y1 is a hyperplane of Y, and 
T,/T, has order 2. Let L/C(Y) b e a subgroup of odd prime order p of 
M/C(Y) which is normalized by Tl and [Tl , L] $ C(Y). Then p = 3 and if 
P is an &-subgroup of L, then P centralizes a subgroup of index 4 of Y. 
Let T, be an S,-subgroup of C(Y) N,,(P) so that Tz is an &subgroup of M. 
The four-subgroup [Y, P] and C,(P) f 1 are both normal subgroups of T, , 
which contradicts the fact that T* has cyclic center. 
We have proved that M is not the only maximal 2-local subgroup of G 
containing T. By Lemma 5.2 we have N(T) = T which implies that an 
&l-subgroup of M is cyclic. Assume now that there is an element x in 
Tl - T,, such that 9 E T,, and C,(.x) = Y1 is a hyperplane of Y. Let 
X/C(Y) be a subgroup of odd prime order p of M/C(Y) such that x’ normal- 
izes X and [X, ~1 $ C(Y). S’ mce x centralizes a hyperplane of Y, we get 
p = 3 and [Y, Xj . IS a f our-group. Note that X is normal in M and so [Y, X] 
is a normal four-subgroup of M and also M acts transitively on [Y, 4”. 
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Since / JI 1 > 3 1 T 1, it follows that [Y, X] is centralized by a +l odd 
order subgroup of M and so [Y, X] n Y,, = 1. The group Z(X) I? 1‘ has 
index 4 in Y and so / f2,(Z(T*))i >, 4. If Q,(Z(T*)) n I, = 1, then TI 
centralizes I’. This is not the case and so Q,(Z(T”)) n Y,, f 1 which implies 
that C(Y) = To is a 2-group. Hence a &-subgroup Xa of X has order 3 
and acts faithfully on [Y, X]. This implies that an ?&subgroup of dd has 
order 3. Also TJT, is cyclic and x acts invertingly on X/T,, which shows 
that / TJT, \ = 2. Let U/T, be an S,-subgroup of Jf/T,, where r is a prime 
divisor of / ill 1 and 1’ > 5. Since x normalizes Lr and x centralizes a hyper- 
plane of Y, we get [Tl , U] c To which implies that N,W( TJ contains an 
S,-subgroup of M. Also lV,(T,) contains T* (since T*/To is abelian), and 
so for every +l characteristic subgroup B of T, we have Nc(B) _C M. In 
particular, Tl is an &-subgroup of C,(Y,), and we get as before that 
j C,(I,) : T, 1 = 3. Let H = O,(C,(Ya)), so that ( T, : H / = 2. There is 
an element 12 in N&T,) which does not normalize H. The group 
C = (C,(Y& (C,(YO))h) centralizes Y0 n Y,,“. If Y,, n YOIL + 1, then C is 
solvable and has cyclic Ss-subgroups which gives that T, = (H? H”) L O,‘(C) 
(because H and H” are normalized by some subgroups of order 3 of C). 
But then T, is normal in C,(Y,) which is a contradiction. Hence 
Y,, n Y,” = I? and so I Y ( < 16. It follows that / I’ j = 16 and r = 5 which 
contradicts the structure of GL(4, 2). Note that in GL(4,2) no involution 
centralizes a subgroup of order 5. 
We have proved that j TJT,, i = 2 and if x E T, - T,, , then C,(x) = ITa. 
We have SZ,(Z(T*)) c Y, and so Q,(Z(T*)) C Y, . This implies that 
C(Y) = T,, = O,(JW). Also I M j > 3 . I T j and N(T) = T imply that 
I Y / 3 16. Let V,lT, be a subgroup of odd prime order s of M/T,, which is 
normalized by Tl and [Tl , V] $ To . Thus I’ centralizes a subgroup of 
index at most 16 of Y and so [Y, V] has order 4 or 16 and s = 3 or 5. 
Also [Y, ti’] is normal in M. Assume that [Y, V] is a four-group. Then 
C,([Y, Vj) is not a 2-group and every involution in [Y, V] lies in the center 
of an &-subgroup of M. The fact that C(x) n [Y, V] + 1 implies that 
[Y, V] n Y, f 1. This is a contradiction, since Hypothesis 4.1 is not satis- 
fied. We have proved that [Y, V] has order 16. Assume that ! Y / > 16. 
Then C,(V) # 1, C,(V) 4 M and Y = [Y, I’] x C,( I/). Also [Y, x] = 
[[Y, V], x] is a four-group and [C,(V), x] G C,(I) n [Y, l”‘] = 1 and so 
C,(V) 2 Y, . If y E (Z(T*) n C,(V))+, then C(y) >_ (T*, I’, C,(YJj, a 
contradiction. Hence we have j Y 1 = 16. If s = 3, then O(M/TO) is cyclic 
of order 15 and the element x E Tl - To inverts O,(M/Th) and normalizes 
O,(M/T,) which contradicts the structure of GL(4, 2). Hence s = 5. We 
want to show now that an S,,-subgroup of M has order 5. Suppose this is 
false. Then O(M/T,) is cyclic of order 15 and N(T) = T implies that 
T*/TO is cyclic of order 4. We have N,(T,) = T*A, where 1 A j = 3, For 
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every # 1 characteristic subgroup B of T, , we have N,(B) C M. This gives 
that TI is an &-subgroup of C,(Ys) and, moreover, j C,(Y& : Tr j = 3. 
Note that N,( T,) normalizes Y, = Z( TI) n Y, and so Nc( Y,,) = T*AC,( Y,,). 
But an &-subgroup of NG(YO) must be cyclic. This is not the case since 
A $ C&Y,,) and an Ss-subgroup of C,(Ys) has order 3. 
We have proved that j M 1 = 5 . 1 T j. Also 11/17/T,, is a Frobenius group 
of order 10 or 20. Since I’,, = Z(T,) n Y, we have that aVi,(YO) = T*. 
Since Y* _C T, , we have NJ Y*) = M. This implies that TI is an &-sub- 
group of C,(Y,,) and we may assume that T* = T. Since Qn,(Z(T)) C Y, , it 
follows that Z(T) is not normal in M, and so J(T) 4 M. 
Let P + 1 be a subgroup of G of odd prime power order p” such that 
P n A4 = 1 and P is permutable with T. Assume that P does not centralize 
Z(T). Since 0( TP) = 1, we have H = O,( TP) + 1 and so P is cyclic. Thus 
T/H # 1 is a cyclic 2-group. Since Z(T) C Z(H), P does not centralize Z(H), 
and so P does not centralize W = QI(Z(H)). There is g E G, so that I’” C T 
byt Yg $ H. Hence Yg n H is a hyperplane of Yg. Let t E Yg - H so that we 
may assume (by replacing P with one of its conjugates in TP) that t acts 
invertingly on P. Since rt’ centralizes a hyperplane of Ys, we have R’c figg, 
by Lemma 5.3. Since P does not centralize 147, so t does not centralize 14’ 
and we have W g C( Yo). This contradicts the structure of M and proves that P 
centralizes Z(T), and so G has precisely two maximal 2-local subgroups which 
contain T. They are M andN= C,(Z( T)). W e ave h p roved the following result: 
THEOREM 5.1. Suppose that Hypothesis 4.1 is satisfied and let M be the 
unique maximal 2-local subgroup of G containing T which has non-abelian 
S,r-subgroups. Then 1 .QI(Rz(M))i < 4. Suppose that Hypothesis 4.1 is not 
satisfied and that G possesses a maximal 2-local subgroup M containing an 
S,-subgroup T of G szlch that 1 M ( > 3 . 1 T 1 and the order of Y = Q,(R,(A,g)) 
is 3 8. Then [ Y I = 16, C,(Y) = O,(M) and M/O,(M) is a Frobenius group 
of order 10 or 20. Also Y has a subgroup Y,, of order 4 such that N,(Y,,) = T, 
I C,(Yo)/0,(W = 2, WWN L 1'0 and C,( Y,,) $ M. For every hyperplane 
YI of Y we have C,(E;) _C M. The group G has precisely two maximal 
2-local subgrozlps which contairz T; they are Ad = N&(T)) = N,(Y*) and 
N = C&Z(T)) .whwe Y* = V(ccI,(Y); T). Also we have Co(Y,) c N. 
6. A NORMAL FOUR-SUBGROUP OF A n/IAXIMAL ~-LOCAL SUBGROUP lcll 
We shall prove here the following important result: 
THEOREM 6.1. Let T be a jixed &-subgroup of G. J#e choose a maximal 
2-local subgroup M of G colztaining T in the following way. If Hypothesis 4.1 
is satisjied, then M is the zaaique maximal 2-local subgroup qf G containing T 
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dzich hns non-abelian S,p-subgroups. If Hypothesis 4.1 is not satisfied, then 33 
is any w~axbd2-local subgwup of G cofztaining T such that 1 lU i > 3 ’ 1 T In 
Assume that M possesses a Izormal four-subgroup E. Then fey ecr>ery inoohtion 
i in E, ztie have C,(i) C M. 
Proof. Suppose this is false. There is an involution i in E such that 
C,(i) e M. Let N b e a maximal 2-local subgroup of G which contains 
C,(i), so that N g M. Note that M n NI C,(i) 3_ C(E) and M/C(E) is 
isomorphic to a subgroup of SL(2,2), which implies that C(E) is not a 
2-group. If M n N contains a &-subgroup of M, then Hypothesis 4.1 is 
satisfied. But in this case 1 M : M n N j = 3 and O,,(M) C N which contra- 
dicts Lemma 4.6. It follows that M n N does not contain an Sa-subgroup 
of M which implies that 3 { ] M/C(E)l. Th’ IS g ives M f? N = C,(i) = C(E) 
and 1 M : M n N 1 = 2. Set T, = T n N so that To is an S,-subgroup of 
dl n N. By Lemma 8.9 of Feit and Thompson [3], T, contains an element 
of SCN3(T). This implies that T, does not normalize any fl odd order 
subgroup of M n N. Set N,, = M n N and note that N&NJ 1 N, . 
Assume that N(T,) g AZ. There is a characteristic subgroup B, f 1 of 
TF such that N(B,) n M n N3 TO . This implies that Hypothesis 4.1 is 
satisfied and so there is a characteristic subgroup B, + 1 of T,, such that 
(j N(B,) n 116 n N / , 1 M,,’ 1) f 1, where Al, is an &-subgroup of Jf. This 
contradicts Lemma 4.6. 
We have No(T,) c M, and so N,(T,,) c N,, . In particular, T0 is a Sa-sub- 
group of N. Since O(N) = 1, TO does not normalize any + 1 odd order 
subgroup of N, Let .Fr be an &,-subgroup of M so that Fr is permutable 
with T. Also Fr C N,, , and so Fl is an S,,-subgroup of NO. Let F, be an 
&-subgroup of N which contains Fl . Note that every Sylow subgroup of 
F,iscyclicandIN:N,I=IF,:F,I.If/N:N,i=3,thenLemmaj.l 
gives a contradiction. 
We have I N : N,, 1 + 3 and so there is a characteristic subgroup B, f 1 
of T, such that N(B,) I (T, Q>, where Q is a subgroup of prime power order 
of F, and Q $ Fl . We claim that an &,-subgroup of N(B,) is cyclic, and so 
Q is permutable with T. If Hypothesis 4.1 is satisfied, then ilb is the only 
maximal a-local subgroup of G containing T with non-abelian S,,-subgroups, 
and so S,,-subgroups of N(B,) are abelian. If Hypothesis 4.1 is not satisfied, 
then Lemma 5.2 implies that N,(T) = T which shows again that &-sub- 
groups of N(B,) are abelian and so cyclic. Set F3 = (Fl , Q) C_ Fe and note 
that F3 is permutable with T. Thus X = TF, = F,T is a subgroup of G 
which contains M as a proper subgroup. We have O(X) = O,(X) = 1 and 
so X is non-solvable. On the other hand, 1v n X = T$a = F,T, is a sub- 
group of index 2 of X. But N n X is solvable and so X is solvable. This 
contradiction proves our theorem. 
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7. THE INTERSECTIONS OF MAXIMAL ~-LOCAL SUBGROUPS 
All lemmas in this section are proved under Hypothesis 4.1. We shall 
use here the notation introduced in Section 4. 
LEMMA 7.1. We have that 2 = lJ1(Z(T)) = 8,(R2(M)) has order 2 OT 4. 
Proof. By Theorem 5.1 we have / J&(&(M))] < 4. On the other hand, 
by Lemma 5.10 of Thompson [14], Z = &(Z(T)) C Q,(&(M)). In case 
) Gi(&(M))] = 2, the lemma follows. Assume that ) SZ,(R,(M))l = 4. If T 
is not contained in C(Gi(R,(M))), then M/C(&(&(M))) N SL(2,2). This 
is a contradiction because SL(2,2) is not involved in M. The lemma follows. 
LEMMA 7.2. The group D possesses a subgroup D, of prime order such 
that D, centralizes Z. 
Proof. Suppose the lemma is false. This implies that / Z / = 4, 1 D / = 3, 
ZD N rZ, and I F : D j = 5. By Theorem 6.1, C,(i) = TE’ for every i E Z*. 
Let Q be an &subgroup of F, so that Q is permutable with T. Since Q does 
not centralize Z, we have j(T) 4 TQ, and so N(J(T)) = N. This forces 
N(T) = TD. We have N(Z) = M and set Z* = v(c&(Z); T). Let R # 1 
be a subgroup of G of odd prime power order ra which is permutable with 
T and R $ M. Since 0( TR) = 1, we have H = O,( TR) f 1 and so R is 
cyclic, T/H is cyclic and Z _C W = !G$(Z(H)). Thus R does not centralize lv. 
Assume that Z* g H. Then there is g E G - M such that Zg _C T but 
Zg $ H. Let 31’ E Zg - H so that we may assume that x inverts R. Since I/v 
centralizes Zg n H # 1, it follows that FV _C ilfg. Hence j IIf : C,(x)] = 2 
which implies that Y = 3 and so 1 T : H 1 = 2. We have 
1 # [w, zg] C Et n Zg _C Z(T), 
and so T c llfg f M which contradicts Lemma 4.6. It follows that Z* _C H 
which implies that M = N,(Z) and N = NG(Z*) are the only maximal 
2-local subgroups of G which contain T. 
Let P be a subgroup of prime order of E’ and set X = C,(P). Note that 
X2 ZZ?’ and act with Z on O(N(P)). We get O(N(P)) c TE’ which gives 
that O(N(P)) is cyclic. Hence O(N(P)) = O(X). Since E’ is permutable with T, 
so P is permutable with T. But IV(T) n TP = T, and so N(P)/X has even 
order. Also D _C N(P) but D g X. Assume that X is non-solvable. Set 
U = (N(P))’ O(X), so that UC X, U/O(X) is simple and N(P)/O(X) is 
isomorphic to an automorphism group of U/O(X). It follows that 
U/O(X) %L,(q), where q is odd and q > 5. Also q # 9 which implies that 
Z n U # 1. But D normalizes Z n 11 and [D, Z] f 1 which gives Z _C U. 
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my the structure of U/O(X) we get that 3 ) j N,(Z)], and so 9 1 j N(Z) n N(P>i, 
a contradiction. Hence X is solvable. Since 2 centralizes O(X), we get that 
O(X) #F(X). In particular, we get O,(X) + 1, and so O,(N(P)) + 1. If 
3 j I X (, then 9 / I N(P)1 and Lemma 2.17 shows that there is a maximal 
2-local subgroup of G containing T whose order is divisible by 9. This i.s 
not the case. 
We have proved that C,(P) is a 3’-group where P is any subgroup of prime 
order of E’. By Lemma 4.5, C(D) is non-solvable and an &-subgroup of G 
is noncyclic. Hence an &-subgroup of C(D) is noncyclic. Set K = O(C(D)j 
and L = (C(D))‘K, so that L/K is simple and C(D)/K is isomorphic to a 
subgroup of aut L/K. Since M and N are the only maximal 2-local subgroups 
of G which contain T, it follows by Lemma 2.17 that every 2-local subgroup 
of C(D)/R is a 3’-group. This implies that L/K -L,(q), S.z(q) or li,(qj with 
q = 2’” 3 4 and q + 1 (mod 3). Hence q = 2a”‘-l, ~?z > 1, and so q = +2 
(mod 5) which shows that q - 1 is not divisible by 5. This implies that a 
Sylow 2-normalizer in L contains a subgroup S of prime order s > 7. Also 
note that S centralizes D. On the other hand, by Lemma 2.17, S is conjugate 
in G to a subgroup P of prime order of E’. This contradicts our result that 
C(P) is a 3’-group and proves the lemma. 
LEMMA 7.3. Thegroup D has prime order p, uhere p = 5 or 7, 1 F : D / = 3, 
Z(T) = Z = (z> has order 2. The group M = C,(x) has no normal four- 
subgroups. Also T, = C,(D) is an &-subgroup of C(D), and T,, is either a 
dihedral group of order 8 or T, is a direct product of a group of order 2 and a 
dihedralgroup of order 8. We have C(D) = D x G. If p = 5, then c.T ‘v & I 
A, or & , and ;fp = 7, then U eL,(7). 
Proof. We use Lemma 7.2. Amongst all subgroups of prime order of D 
which centralize Z, choose D, , so that / C,(D,)l is maximal. We have 
C&-4,) = DT, , where T,, = D,(D,) and T,lZ. Set 1 D,l =p. By 
Lemma 4.4, T, contains four-subgroups. By Lemma 4.5, C(D,) is nonsolvable 
and an SD-subgroup of C(D,) is noncyclic. By Theorem 6.1, C(z) n C(D,j = 
T,D, , where D, is a subgroup of D, D, >_ D, , / D : D, / = 1 or 3 and ,a is 
any involution in 2. Hence C(z) n C(D,j is 2-closed for every u” E 2”. Set 
K = O(C(D,j) and L = (C(D,))‘K, so that L/K is simple and C(D,j/K is 
isomorphic to a subgroup of Aut L/K. For every subset X of C(D,j we set 
-8? = XK/K. If z E Z*, then C(Z) n C(D,) is 2-closed and so ZCL. Since 
the centralizer of any involution in the Tits simple group is not 2-closed, it 
follows that L/K is not isomorphic to the Tits simple group. In particular, 
L has precisely one conjugate class of involutions. This implies that T,, is a 
&subgroup of C(D,). 
On the other hand, C,(D,) = T$, where F is cyclic, F 3 D and 
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/F : D 1 is equal to 3 or 5 or 15. Also D is a Hall subgroup of F. Set 
Tr = N,(F), so that T = O,(N) Tl . Now, [Tl , D] _C T n F = I, and so 
T1 _C T0 . We know that NM(T) = TD and set X = NF(T,,) 1 D. Then 
[X, T1] CF n T,, = 1, and so X normalizes O,(N) T, = T which gives that 
X = D. We have proved that N(T,J n C(D,) n N = T,,D. Let F, be an 
S,-subgroup ofF which is permutable with To , where s is any prime dividing 
/ F : D 1. Hence 1 F, ( = s and s = 3 or 5. Also D is an s’-group, and so for 
2 E .P, C(z) n C(D,) is a s’-group. Let I; be a four-subgroup of L. Act with 
V on K and realize that the involutions of V and the involutions of Z _C L 
lie in the same conjugate class in L. This shows that K is an /-group. Hence 
F, $ K. Assume that To CL. Since F, does not normalize T,, , we have that 
F, CL. If O,(Td;'J = 1, then T,, is cyclic which is not the case. Hence 
O,( T,F,) # 1, and so L/K has a 2-local subgroup which is not 2-closed. 
Suppose that L/K is isomorphic to one of L,(q), Sx(q) or Us(q), where 
q = 2” 3 4. Then T,, _CL and so L/K must have a 2-local subgroup which 
is not 2-closed. This is not the case. Also we know that the centralizer of 
an involution in L/K is 2-closed. This implies that L/K is isomorphic to 
Lg(r), where r 3 5 is a Fermat or Mersenne prime or L/K -L,(9). In any 
case T, covers C(D,,)/L and C(D,)/L is elementary of order 2 or 4. 
We study now the group ToFs . If F, Q T$, , then there is an involution 
in To n L which centralizes F, which contradicts the fact that C(Z) n C(D,) 
is a s’-group for every z E.P. It follows that 2 is contained in 
TV = Q,(Z(O,( T,F,))) and so F, acts faithfully on W. Since T,, has no elemen- 
tary subgroups of order 16, we get s = 3 and so 1 F : D [ = 3. This implies 
that D is a 3’-group and so D centralizes 2. Note that W Q T,, , 1 W / > 4, 
/ To : O,(T,F,)/ = 2 and / T,, 1 > 8. Suppose that To is isomorphic to the 
holomorph of the cyclic group of order 8. But no subgroup of index 2 of 
T,, in this case admits an automorphism of order 3. All this gives that 
C(D,)/K is isomorphic to one of the following groups: x:5 , d, , x6 or L,(7). 
Hence To is either a dihedral group of order 8 or To is a direct product of a 
group of order 2 with a dihedral group of order 8. Since D normalizes To 
and D is a 3’-group, D centralizes T,, . Since D CL and the centralizer of 
every involution in L/K is a 2-group, it follows that D C K. By the maximality 
of I T,, /, we have C,(P) = C,(D) = To f or every subgroup P of prime order 
of D. Also C(P)/O(C(P)) is isomorphic to x5, A,, Cs or L,(7). If V is a 
four-subgroup contained T, n L, then C,(x) = D for every involution N in 
V. This implies that D = K. Since T,, centralizes D and L centralizes D, it 
follows that C(D,) centralizes D. It follows that for every subgroup P of 
prime order P of D, we have D = O(C(P)) and D C Z(C(P)). It follows that 
C(P) = C(D) for every subgroup P of prime order of D. We know that 
p + 3 and that an SD-subgroup of C(D,) is noncyclic. Hence if C(D)/D 
is isomorphic to one of & , A, or x6 , then D is a cyclic 5-group and if 
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C(D)/0 is isomorphic to L,(7), then D is a cyclic 7-group. Since D splits in 
L so D splits in C(D) and so C(D) = D x U. Since 2 c L and Z c Z(T,), 
we have that \ 2 1 = 2. Since D centralizes 2, so D centralizes Z(T) which 
gives Z(T) C T, . Hence Z(T) = Z = (zj has order 2 and M = C,(s). 
Assume that M has a normal four-subgroup E,, . Since D is a 3’-group, 
D centralizes E,, and so E, C T,, . By Theorem 6.1, C,(i) _C 119 for every 
is E,* and so C,(i) is a 3’-group. This forces E, G L . By the structure of 
L/D, we have 3 1 / N(E,,)j which contradicts the fact that N,JE,,j = Al. 
Hence M has no nomlal four-subgroups. 
We have D, = Q,(D) and we want to determine N(D,). Since N(T,) 
covers N(D,)/C(D,), it follows that C(x) covers N(D,)/C(D,) because 
(x) = T,‘. But N,(D,) = C,(D,) = DT, and so N(D,) = C(D,). ket 
/ D / = p” and let S be an S,-subgroup of N(D,). Hence i S 1 = pafl and 
6’(S) c D. If s >, 2, then D, is a characteristic subgroup of S, and so 
No(S) C: C(D,). This implies that S is an S,-subgroup of G and D, lies in 
the center of a Sylow p-normalizer. Since S is abelian, we use a transfer 
theorem and see that G has a normal subgroup of index p. This is a contra- 
diction and so D = D, has order p. Our lemma is proved. 
LEMMA 7.4. We have N,(T) = M. 
Proof. Suppose the lemma is false. There is a subgroup K of prime 
order Y of E’ which is permutable with T and which does not normalize T. 
Also K is permutable with D and KD is a Frobenius group of order pr 
where p = 5 or 7. We shall study the group S = TDK. We have O(S) = 1 
and &(T) = TD. Set H = O,(S) so that HDK d S and T = HT, where 
T, = N,(KD). We have [Tr , D] C T n KD = 1 and so T, C T,, = CT(D). 
Note that Tl normalizes K and T,/T,* acts faithfully on K where 
T,* = T, n H. It follows that T,/T,” e T/H is cyclic of order 2”, a >, 1, 
and S/H is a Frobenius group of order 2apr with the Frobenius kernel 
HKjK. Also S/H acts faithfully on H. Set Ho = [H, K] # 1 so that H,, (1 S. 
Also [Ho, K] = H,, which implies that K acts fixed-point-free on H,JD(H&). 
Let I’ = Ho/H, be a chief factor of S. Hence H centralizes E’ and S/H acts 
faithfully and irreducibly on Ii. This implies that I- is a free FaL-module 
where Fe is the field of two elements and L = TDIH. In particular, 
/ I; j = 2c’es.~ and C,(D) = 2~.2’, where c is a positive integer. Note that 
Z(T) = (x) has order 2, T,,’ = (z> and C,(x) = M. It follows that z c Ha 
and since K acts fixed-point-free on I’, we have z E HI . In particular, 
H r + 1. By Lemma 7.3, 1 C,(D)1 < 2”. Also, D centralizes Tl , T1 g H, D 
centralizes (x), (z) C HI and C,(D) covers C,(D). This implies that c = 1, 
a = 1, j C,(D)\ = 24, p = 5, / V j = 2 lo, C,(D) is a direct product of a 
group of order 2 and a dihedral group of order 8 and N(D) = D x ll where 
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u N x6 . Also CH1(D) = (z> and so K centralizes Hr . Since D(H,) _C HI, 
K centralizes D(H,,). On the other hand, K acts fixed-point-free on H,,/D(H,) 
and SO by Lemma 8.7 of Feit and Thompson [3], we get D(H,,) C z(H,), 
Also we have HI = D(H,,). If H,,‘C HI, then there is a subgroup Ha* of 
H0 such that Ho = HIHo* and H,,* n HI = H,,’ which contradicts the fact 
that HI = D(H,). Hence we have Ho’ = HI # 1. If Z(H,) 3 Hr , then we 
have a contradiction to the fact that Ho/H, is a chief factor of S. It follows 
that Ho is a non-abelian special 2-group and HI is elementary abelian. Also 
2: E H, . Since H,,/H, is a chief factor of S, we have [H, H,,] _C HI . Since 
[Ho , H, Ho] = 1, [H, H,, , Ho] = 1, we get by the three subgroups lemma 
[H,, , H,, , H] = [Ho’, H] = 1. Hence H centralizes HI . Assume that 
HI 3 {x). Since [ D 1 = 5 and D acts fixed-point-free on HI/(z), we have 
that 1 HI / 3 25. But ( T : H 1 = 2 and so j Z(T)] 3 23, a contradiction. We 
have proved that H,, is an extra-special group of order 2r1 and 1 CHo(D)i = 8. 
Since C,o(D) is extra-special and T,, does not have quaternion subgroups, it 
follows that CHo(D) is a dihedral group of order 8. Since Tl centralizes D 
and Tl ($ H, we have W = C,(D) = CHo(D) is dihedral of order 8. Let 
x E Z(T,) - H. Since x is an involution and x 4 O,(S), it follows by a result 
of Suzuki [ll], that IL inverts a subgroup R of order 7 of S. Since R acts 
fixed-point-free on H,,/(z), it follows that 1 C(X) n H,,/(z)/ = 2” and so 
I CHO(~)I < 2’j. On the other hand, C,,(X) is D-admissible and contains W 
But D centralizes IV and so D centrahzes CHo(x). This implies, by a result 
of Gorenstein [5], that D centralizes Ho. This is a contradiction and our 
lemma is proved. 
It is now easy to obtain a contradiction from Hypothesis 4.1. By Lemma 7.3, 
M has no normal four-subgroups. If every characteristic abelian subgroup 
of O,(M) is cyclic, then O,(M) is of symplectic type which contradicts 
Lemma 2.19. Let B, be a noncyclic characteristic abelian subgroup of 
O,(M). Then m(B,) > 3. In particular, M possesses normal elementary 
abelian subgroups of order > 8. Let A be a normal elementary abelian sub- 
group of M which is of the smallest possible order subject to I A I > 8. 
Let --l/d,, be a chief factor of M. By Theorem 5.1, A is not a 2-reducible 
subgroup of lW and so A, f 1. Since 1 a,, 1 ,( 4, we have 1 A,, ] = 2 and 
so M = C&J,,). Set B = C,(A) and C = O,(M mod B) so that C stabil- 
izes the chain A 3 -4,3 1 and so C/B is an elementary abelian 2-group. 
Since ;4 is not 2-reducible in M, we have C # B and so [C, A] = A,, . By 
Lemma 7.4, M is 2-closed and so T _C C. Let A* be a hyperplane of A and 
assume that C(A*) $ M. Then A = A, x il* and so C&a*) = B. Set 
T* = T n B and we see that T* Q M. For every #l characteristic sub- 
group B, of T*, we have N&B,) C M. This fact together with O(C(A*)) = 1 
forces 1 C(A*) : B 1 = 3. In particular, T* is a &-subgroup of C(a*). Let 
P be a S,-subgroup of C(A*) which is permutable with T*. Since 3 f I M 1, 
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we have P g M and j P ( = 3. Set H = O,(T*P) SO that / T” : H \ = 2. 
Since H is not normal in $1, there is an element x E M such 
that T* = (H, H”). Since j A 1 >/ 8, we have il* n (A*)” f 1 and so 
(C(,kl*), C(A*)“) is solvable and has cyclic S,-subgroups. Since both H and 
Hz are normalized by some subgroups of order 3 of (C(A”), C(-+l*)2), it 
follows that T* C O,((C(A*), C(,il*y>) which implies that P normalizes 
T*, a contradiction. 
We have proved that for every hyperplane A* of A we hare C(;li*) C M. 
Let g be a subgroup of order 3 of N which is permutable with T and set 
K = O,(TQ). We have / T: K / = 2. Let A* = PV(ccl,(d); T) so that 
No(il*) = M because T Q M. There is an element g E G such that 
A3 _C T but ,/lg $$ K. Let x E As - K so that we may assume that x inverts 9. 
Set W = Q,(Z(K)) so that Z(T) = d, C W and so Q does not centralize IV. 
Hence [IV, X] f 1. On the other hand, Eli centralizes a hyperplane of dg 
and so WC Ms. It follows that WC Cg and so [II, X] = &Q and 
A,,g C W n ,Izg. Thus d,,g = .Z( T), and so Jag = A, , g E ill and so iii0 = A. 
Since / Z(T)1 = 2, W is a four-group and so [W, Q] = IV. Since 2’ C C, we 
have [K, X] = ,4,, C IV and so x centralizes K/W. Hence & centralizes K/FF 
and so K = W x C,(Q) and C,(Q) Q T. Since 1 Z(T)! = 2, we have 
C,(Q) = 1. This shows that T = W(x) which is a dihedral group of order 8. 
This is a contradiction. We have proved the following resdt, 
THEOREM 7.1. The H3’pothesis 4.1 is not satisjcd. 
8. THE NONEXISTENCE OF NORMAL FOUR-WEGROUPS OF M 
All lemmas in this section are proved under the following: 
HYPOTHESIS 8.1. Let M be a maximal 2-local subgroup of G which contains 
a$xed &-subgroup T of G. Assuwe that 1 &I 1 > 3 . / T / and that M possesses 
a novmal four-subgroup E. 
LEMMA 8.1. There is a maximal 2-local subgroup N of G containing T 
such that N + M. 
Proof. Suppose the lemma is false. By Theorem 6.1, C,(i) C ild for 
every i E E+. Suppose that there exists a maximal 2-local subgroup N of G 
such that N # M and N > E. Amongst all such maximal 2-local subgroups, 
we choose N so that / M n N I2 is maximal. Let A be an &subgroup of 
ill n N so that A 2 E and B is not a &-subgroup of &I. We have No(B) C iV 
for every fl characteristic subgroup B of A. In particular, A is a &-sub- 
group of N. Also, O(N) = 1 and so the factorization Lemmas 2.4 and 2.6 
486 JANKO 
imply that 1 N : M n N 1 = 3. Let Q be a Ss-subgroup of N which is 
permutable with A so that Q g ilB and Q is cyclic. Set H = AQ. We have 
j A : O,(H)/ = 2. If E* = V(ccl,(E); A) _C O,(H), then N(E*) > H and A 
is not a &-subgroup of N,(E*), a contradiction. Hence there is g E G such 
that EQ _C A but Egg O,(H). Set A, = O,(H), W = Ql(Z(A,)), X = Eg and 
X0 = X n A, so that 1 X, 1 = 2. Let x E X - X,, so that we may assume 
that x inverts Q. Since SZ,(Z(A)) is contained in IV, it follows that Q does 
not centralize W. Hence .x does not centralize E’. Since W centralizes X,, , 
we have WC MO and so j l&’ : C&x)l = 2. Also [FV, ~1 _C W n X + 1 and 
so [W, ~1 = W n X = X0 . The group E’,, = [FV, Q] is a four-subgroup of 
W and since [FV,, , x] f 1, we have [LVs , ~1 = X,, and also W,, 4 H. Since 
,Iz centralizes X0 , we get A C Ms. Assume that Mg # n/i. Then A must be 
a &-subgroup of lid n MQ. But then N(A) $ M because A is not a Ss-sub- 
group of Ms. Th’ is is a contradiction and so g E M and Es = E. Since 
[A,, X] = A, n E = X,, , we see that .2: centralizes Al/W0 . Thus Q central- 
izes Al/W, and so A = CZdl(Q) x TVO(x>, where i%;(x) is a dihedral group 
of order 8. Let u E N,,(A) - d where T* is a Ss-subgroup of M which 
contains A. Set A, = CAl(Q). Since u normalizes E, it follows that u normal- 
izes C,(E) = E x A,. If D(A,) f 1, then N,(D(A,)) 2 (H, U), a contra- 
diction. Hence A, is elementary. If 1 A, 1 3 4, then C,JU) # 1, a contra- 
diction. Hence I A, I < 2. Since u normalizes EA, , so zc normalizes 
WoA2 = A, , a contradiction. 
We have proved that M is the only maximal 2-local subgroup of G which 
contains E. Set M,, = C,,,(E) so that for every involution i in M0 , C,(i) C M. 
By Lemma 2.13, there is an involution j E M - Ma such that C,(j) g M. 
Let S be an S,-subgroup of C,,(j). Assume that S is not an &-subgroup of 
C,(j) and let S* b e a 2-subgroup of C,(j) which contains S as a subgroup 
of index 2. Note that Z(S*) = (ji and for every involution i in S n ni!,, , 
C,,(i) _C S. This forces I S n JR0 1 = 2 which contradicts the fact that 
SCNa(2) is not empty. It follows that S is an &-subgroup of C,(j). Since 
G has no subgroup of index 2, it follows by a lemma of Thompson [14] 
that j is conjugate in G to an element in M,, . This implies that there is an 
element g E G such that Eg C S. But il!Ig is the only maximal 2-local subgroup 
of G which contains Eg. Hence MS = n/r, g E M and so Eg = E. Thus j 
centralizes E, a contradiction. Our lemma is proved. 
LEMMA 8.2. We have N(T) = T. 
Proof. The result follows at once by Lemma 5.2, Theorem 7.1 and 
Lemma 8.1. 
LEMMA 8.3. The group G has precisely two maximal 2-local subgroups which 
contain T. They are M = N,(E) and N = N,(E*) where E* = V(ccl,(E); T). 
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Proof. Let Q be a subgroup of G of odd prime power order such that g 
is permutable with T and Q g M. Then O(TQ) = 1 and SO H = O,(TQ) f 1. 
Hence Q and T/H are cyclic. Since Hypothesis 4.1 is not satisfied, we have 
TQ n M = T. Suppose that E* $ H. Then there is g E G such that Es C T 
but Eg g H. Let x E Es - H so that we may assume that IV acts invertingI) 
on Q. Set 14’ = L$(Z(H)) so that ,Ll,(Z(T)) C W. Hence E n W f 1 and so 
by Theorem 6.1 we see that Q does not centralize W. Thus x does not central- 
ize IT;. Since I%’ centralizes Eg n H + 1, we have W _C MO. Hence 
/ W : C,(x)1 = 2, j Q 1 = 3, / T : H 1 = 2 and W0 = [TV, Q] is a four-group. 
Also [ W, x] = [ W0 , x] = W n E” = (z> has order 2 and so T _C C(z) _C ;‘iI” 
which shows that T normalizes Es. Thus [H, x] = (z> and so ;x centralizes 
H/m’, . Hence Q centralizes H/W’ and so H = TC’, x C,(Q). IIt follows that 
T = C,(Q) x W&x> where W&x> is dihedral of order 8, If C,(Q) = 1, 
then SCN,(T) is empty which is a contradiction. Hence C,(Q) f 1 and so, 
in particular, j f2n,(Z(T))\ 3 4. On the other hand, by Theorem 5.1 we have 
1 S,(R,(M))i < 4. Since J&(Z(T)) C f21(R,(M)), we have @(Z(T)) <I M and 
so by Theorem 6.1 we have C,(i) C Ill for every i E S?,(Z(T)). This is a 
contradiction. The lemma follows. 
LEMMA 8.4. We have EL Z(E*) and / M/C(E)/ < 2. 
Proof. Let g E G be such that E” _C T and [E, EQ] + 1. Since 
C(E) n EY + 1, we have E C MO. Thus [E, Eg] 2 E n Es = <x>, where x is 
an involution. Hence C,,(x) contains a St-subgroup of M, C,,(a) is not a 
2-group and C,,(x) C Ms. By Theorem 7.1, M = Il4g and so g E M and 
E” = E, a contradiction. It follows that EC Z(E*). Since N(E*) covers 
M/C(E) and iV(E$‘) = IV, we get that 1 M/C(E)1 < 2. 
Proqf. Since / B,(R,(M))i < 4, we have j a,(Z(T))j < 4. Assume that 
j N j > 3 ( T /. Assume in addition that j JJ),(R,(iV))I < 4. Since C(x) _C M 
for every x E QI(Z(T)) and L$(Z(T)) n @(R,(M)) + 1, we have a contradic- 
tion. It follows that / QI(Rz(N))/ > S and so ( N / = 5 1 T j, by Theorem 5.1. 
The lemma is proved. 
LEMMA 8.6. Let P be a subgroup qf odd prime order p qf M. Then 
0,(-W(P)) + I and so a S,-subgroup of M is also a S,-subgroup qf 6. 
Proof. Note that Lemma 8.2 implies that a &‘-subgroup of M is cyclic. 
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Let P be a subgroup of odd prime order p of &I such that O,(N(P)) = 1. 
The group NdWCdP) is a nonidentity cyclic 2-group. Also E C C,,(P) 
and by Theorem 6.1 we have C,(i) C M for every i E Es. This implies that 
K = O(N(P)) is contained in C,(P), and so K = O(C(P)). Since 
F(N(P)) = K and E centralizes K, it follows that N(P) is nonsolvable. Set 
X = (N(P))‘K SO that XC C(P) and X/K is a non-abelian simple group. 
Assume that E $ X. Then N(P)/K N aut A, and so if t is an involution in 
E n X, then (C(t) n N(P)) K/K is a 2-group which shows that K is an 
&,-subgroup of M. Take an involution u E E - X and realize that 
C,(U) C M forces that (C(U) n N(P)) K/K is a 2-group which contradicts 
the structure of aut A, . We have proved that E _C X. Assume that X/K 
is isomorphic to the Tits simple group. Let i E E+ and set U = Cx(i) so 
that U _C M. It follows that U has the normal four-subgroup E which implies 
that i does not lie in the center of an &-subgroup of X. But then an Sa-sub- 
group of U centralizes E which contradicts the structure of X. Hence X/K 
is not isomorphic to the Tits simple group and so, in particular, X/K has 
only one conjugate class of involutions. If t E E+, then an Q-subgroup of 
Cx(t) centralizes E since Cx(t) C M. This implies that X/K -L,(q), q odd. 
But then 3 1 1 A,(E)/ which contradicts Lemma 8.4. 
We have proved that O,(N(P)) # 1 f or every subgroup of odd prime order 
p of 116 and so N(P) is solvable. We use now Lemma 2.17, Lemma 8.3 and 
Lemma 8.5 and see that an SD-subgroup of n/r is also an S,-subgroup of G. 
Our lemma is proved. 
By Lemma 2.15, the group G possesses nonsolvable local subgroups. 
The next lemma describes the structure of any nonsolvable local subgroup. 
LEMMA 8.7. Let S be a nonsolzlable local subgroup of G. Then we have the 
following t,wo possibilities: 
(i) O(S) is elementary abelian of order 53, S/O(S) N A, and ;f Q is a 
J-ubgroup of order 5 of O(S) which is centralized by an involution in S, then 
No(Q) = N,(Q) = O(S) 17 where V is a four-subgroup. 
(ii) O(S) has order 5, S’O(S)/O(S) =L,(p), q odd, L,(3) 01’ Lr&3) and 
I &(WN = 2. 
Proof. Let S be a nonsolvable local subgroup of G. Hence O(S) is non- 
trivial. Assume that 3 1 1 O(S)1 and let P be an &-subgroup of O(S). Set 
S, = N,(P) and see that S, covers S/O(S). Assume, in addition, that P is 
noncyclic. By Lemma 8.6, M is a 3’-group and so if i is an involution in 
S, , then 9 does not divide the order of C,(i). This implies that Pis elementary 
abelian of order 27 and so S,/(S, n O(S)) ‘v SL(3, 3) which gives that 9 
divides the order of the centralizer of an involution in S, . This is a contra- 
diction and so P is cyclic. Since N(P) is non-solvable, it follows that ild is a 
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3’-group and so 9 does not divide the order of any 2-local subgroup of G. 
In particular, 1 P ( = 3 and C(P) is nonsolvable. Set K = O(N(P)) = O(C(P)) 
and X = (iv(P))’ K/K so that X/K is simple and N(P)/K is an automorphism 
group of X/K. Also X C C(P). Every 2-local subgroup of X/K is a 3’-group. 
This implies that X/K is isomorphic to L,(2’Z), SZ(~“), or Us(ZTi), where 
1z > 2. In particular, N(P)/X has odd order and so ?G(P) = C(P). A Sylow 2- 
normalizer in X possesses a subgroup Q of prime order q > 7. By Lem- 
ma 2.17, Q is conjugate in G to a subgroup of M and so N(Q) is contained 
in a 2-local subgroup of G. It follows that P is contained in a 2-local subgroup 
of G. Amongst all 2-local subgroups of G which contain P choose L so that 
j L l-7 is maximal. Since N(P) = C(P), L has a normal 3-complement La. 
Let T, be a &-subgroup of L, which is normalized by P. The maximality of 
j L 1s forces that T, is a &-subgroup of G. But then we have a contradiction 
to Lemma 8.2. 
We have proved that O(S) is a 3’-group. Lemma 2.17 implies that O(S) 
is a 5-group. Hence M is a S-group and so 25 does not divide the order 
of any 2-local subgroup of G. Set X = S’O(S)/O(S) so that X/O(S) is 
simple. Since the Tits simple group has a 2-local subgroup whose order is 
divisible by 5, it follows that X/O(S) . is not isomorphic to the Tits simple 
group. Also note that j O(S)1 < 53. Since there are 2-local subgroups of G 
whose order is divisible by 5, we get 1V = TQ, where / Q i = 5 and 
1 !Z$(R,(iV))] = 16. Since N(T) = T, we have j A,(Q)1 + 1. Assume that 
O(S) is cyclic. Then O(S) C Z(X) and so / O(S)1 = 5 and O(S) is conjugate 
in G to Q. Since No(O(S)) = S, it follows that S/X has even order and so 
JW(S) -L&t), 4 odd, L,(3) or U3(3). In particular, an &-subgroup of 
S/X is elementary of order < 4 and so 1 &(O(S))i = 2. Assume now that 
O(S) is noncyclic. All involutions in X form a single conjugate class in X 
and so O(S) is elementary abelian of order 53, X/O(S) acts irreducibly on 
O(S), n;(O(S)) = S and C(O(S)) = O(S). It follows that X/O(S) =k15 . 
Let P be a subgroup of order 5 of O(S) which is centralized by an involution 
t in X. Then Cs(t) = T,P where T,, is a &-subgroup of S. 41~0 we see that 
N&(P) = O(S) To. We want to show that NG(P> _C S. Assume that iv(P) 
is nonsolvable so that we have O(N(P)) = P and (W(P))’ P/P -L,(q), 
q odd, q > 5 and q # 9. If 5 1 1 N(P)/(N(P))‘P /, then we have a 2-local 
subgroup in N(P) whose order is divisible by 25, a contradiction. This 
implies that (N(P))’ P/P ~L,(57. But this contradicts the fact that 
A’(P) n -hijO( = O(S) T, . We have proved that N(P) is solvable. Thus 
O,(N(P)) = 1. Set IT = To n X so that V is a four-group. Note that 
Ar(O(S)) n N(P) = Too(S) shows that O(S) is an S,-subgroup of N(P). 
Set Y = F(N(P)) so that Y has odd order. Assume that O(S) $ Y. Then 
there is an S,-subgroup Y, of Y which admits an automorphism of order 5, 
where p f 5. Act with V on Y, . Ifp # 3, thenp / ! M I and so I’, is cyclic. 
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But O,(iV(sZ,( Y,))) # I which gives a contradiction because an Ss-subgroup 
of N(P) is not cyclic. Hence p = 3 and Y,/D( Ys) has order < 27 and so Ys 
does not admit an automorphism of order 5. Hence O(S) _C Y and so O(S) 
is normal in N(P) which implies that N(P) C S. Suppose now that S # X 
so that S/O(S) N & . There is an involution u E S - X which centralizes 
a subgroup P1 of order 5 of O(S) so that PI is conjugate to P in G. But 
C,(U) contains a subgroup of order 3 which centralizes Pi . This contradicts 
the fact that N,(P) C S. Hence we have S = X and so N,(P) = O(S)v and 
our lemma is proved. 
LEMMA 8.8. M is a 5’-group, iV = TQ where / Q 1 = 5, 1 A,(Q)1 = 2 and 
Qn,(Z( T)) is a normal four-subgroup qf M. 
Proof. This lemma is a direct consequence of Lemma 2.15 and Lem- 
ma 8.7. 
LEMMA 8.9. The group M possesses normal elementary abelian 2-subgroups 
of order > 8. 
Proof. This result follows from Lemma 2.18, Theorem 6.1 and Lem- 
ma 2.19. 
In the rest of this section, F will denote a normal elementary abelian 
2-subgroup of M of the smallest possible order subject to the following 
conditions: (a) F I L&Z(T)) = E and (b) ( F 1 > 8. By Lemma 8.9, F exists. 
Note that E 2 Z(M) and F/E is a chief factor of M. Set C = C(F) and 
D = 0, (M mod C) so that D + C, D stabilizes the chain F 3 E 1 1 and 
so D/C is an elementary abelian 2-group. 
LEMMA 8.10. We haae either / F/E / = 2 and M = D or j F/E 1 = 4 and 
M/DN&. 
Proof. Suppose that M = D. Since F/E is a chief factor of M, we have 
[ F/E 1 = 2. Assume now that M f D. Hence M/D is not a 2-group. This 
implies that E* g D where E * = V(ccl,(E); T). Let .1c be an involution in 
M - D. Then there is a p-subgroup P of M such that x acts invertingly 
on P, P g D and p is an odd prime. Note that IV,,(P) covers MID and so 
E x [F, P] is a normal subgroup of M. Hence F = E x [F, P]. Also P has 
no nontrivial fixed points on [F, P] and [F, P] is x-admissible. This implies 
that 1 C(x) n (F/E)] = 1 C(x) n [F, P]I = 2”” where j[F, PII = 2s”. Thus 
C(X) n (F/E) = C&)/E. 
Suppose now that there is g E G such that Es 2 ii/l and Eg n D = 1. If 
3c is any involution in Eg, then C,(x) = C,(Eg) = FO and C(x) n (F/E) = F,/E. 
We now apply Lemma 2.12 on the group M/D and get a contradiction by 
considering the action of M/D on F]E. It follows that there is an element 
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k~GsuchthatEh~~~,~,E”~D,andE,=E~nDfl.Let.~~E’~--~ 
and let P be a p-subgroup of M which is inverted by x, P e D and p is an 
odd prime. We have / F : F, 1 < 4, where F, = C,(E,). On the other hand, 
F, C M” and so F,, centralizes Eh. It follows that C,(x) = F, and so 
) F,IE / = 2”“’ where nz = 1 or 2. But M is a 5’-group and so p = 3 and 
M/D = Es . Since F/E is a chief factor of Ad, we get m = 1 and our lemma 
is proved. 
LEMMA 8.11. Suppose that j F/E ! = 2. Then we huae C,(i) c :7/1 for 
every involution i in F. 
Proof. Suppose the above is false. Let i be an involution in F such that 
C,(i) $ nl. Then i EF - E, M/C is elementary of order 2 or 4 and 
C,,(i) = C. Let U be a maximal 2-local subgroup of G which contains 
C,(i). Then L = hr! n U > C and 1 M/L 1 = 2 or 4. Set T0 = T n L so that 
T, is a ?&-subgroup of L and T,, 4 T. Since O(M) = 1, we have O(L) = I 
and so every 2-signalizer in L is trivial. Since d is a 5’-group and 
/ Al 1 > 3 . 1 T /, it follows that L has an odd order Sylow subgroup of order 
3 7. We use Lemmas 2.5 and 2.6 and see that N,(T,,) C M, T, is a Ss-sub- 
group of II and / CT : L [ = 3 or 5 or 15. Also N,(L) f L and T,, contains an 
element of SCN,(T). Then Lemma 5.1 implies that / C’ : L j # 3. The fact 
that 1 h; j = 5 j T / together with Lemma 2.4 shows that an S,-subgroup of 
0’ has order 5. Let p be an odd prime dividing 1 t 1 and let L, be an S,-sub- 
group of M which is permutable with T. If p = 3, then Lemma 2.17 shows 
that / U : L / = 5. Since p f 5, it follows that L, is an S,-subgroup of U 
in any case. Also TL, n L = T,L, and so L, is permutable with T, . Let N 
be a Hall {2,p, 5)-subgroup of U containing T,L, and let H* be a Hall 
(p, 5)-subgroup of H which contains L, . Then H* is permutable with T0 
and H* = L&l, where / Q / = 5 and 0 e M. We have that L, 4 H* and 
assume that Q does not centralize L, . We have L, C H’ but Q g H’ which 
shows that H has a normal 5-complement. But then No(TO) g M, a contra- 
diction. We have proved that H* is cyclic and so Q is permutable with T, j 
Since Q does not centralize Z(T,,), it follows by Lemma 2.4 that 
NG(J(TO)) = TQ and so Q is permutable with T. Hence H* is permutable 
with T. Since the group TH* possesses subgroups N”, TL, and TQ, we 
know that TH* is solvable. But O(TH*) = 1 and so O,(TH*) + 1 which 
contradicts Lemma 8.3 together with Lemma 8.5. Our lemma is proved. 
LEMMA 8.12. Suppose tlzat i F/E j = 4. Then we haze C,(X) L Al f?x 
every szrbgyoup X of index 4 of F. 
Proof. Suppose the lemma is false. Let X be a subgroup of index 4 of 
F such that C,(X) &W. Th en F = E x X and so C,(F) = C = C,,(X). 
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Set T,, = T n C so that T0 is an &-subgroup of C. Note that M/D ‘v x3 
and so M/C is not a 2-group. Since N(T,) covers M/C, it follows by Theo- 
rem 7.1 that N,(B) _C M for every #l characteristic subgroup B of T,, . 
In particular, T, is an &subgroup of C(X) and 1 C(X) : C 1 = 3. Since 
N&T,) covers M/C, it follows that 3 ( 1 N,,(T,,)(. But an &-subgroup of A$ 
is cyclic and so T, _C O,(M). Assume that 3 1 1 C / and let Cs be an Sa-sub- 
group of C which is permutable with T, so that C’s normalizes T,, . But then 
an &-subgroup of C(X) normalizes T, which contradicts the fact that 
N(T,,) C Ad. It follows that C is a 3’-group and so 1 C j is divisible by a 
prime p 3 7. There are precisely 16 four-subgroups in F which are disjoint 
from E. Also N,(X) = C and 3 r 1 N,,(X)j because 3 1 [ C(X)l, and, by 
Lemma 8.6, an &-subgroup of G has order 3. This implies that I D/C j < 4. 
If / D/C 1 = 2, then N,(P) covers M/C, where P is an &-subgroup of AK 
But then [F, P] is a normal four-subgroup of M and E n [F, P] = 1 which 
contradicts the fact that SZ,(Z(T)) = E. Hence we have I D/C / = 4 and in 
fact M/C ‘v x4 . Let E* = IT(ccl,(E); T) so that E* !& D. There is g E G 
such that EQ _C M but Eg 0 D. Let x E Eg - D so that we may assume that x 
inverts P. It follows that F, = C,(x) is a hyperplane of F and so F, L MO 
which implies that F,, centralizes Eg and C,(Eg n D) = F, . It follows that 
there is an involution t in F, - E such that I M : C,,,(t)/ = 6. Since F - E 
contains 12 involutions, it follows that for every invohrtion u in F - E we 
have / .M : C,,,(u)1 = 6. S ince Z(D) n F = E, we also have I C,(U) : C I = 2, 
where UEF-E. Let v1,v8, va be the three involutions in X. It follows 
that (C(q) n D)/C, i = 1, 2, 3 are three distinct subgroups of order 2 of 
D/C. Hence every element in D centralizes at least one involution in X. 
Also there is an involution y in T - D such that C,(y) 1 E and so y central- 
izes an involution in X. Let Q be an $-subgroup of C(X) which is permutable 
withT,,.ThenIQ/ =3andQ~M.LetH=O,(T,Q)sothat) T,:HI =2. 
We have T,, Q T. If H Q T, then N,(H) is a 2-local subgroup of G whose 
order is divisible by 3 and N,(H) Q M, a contradiction. If y E N(H), then 
there is an element in T n D which does not normalize H. In any case there 
is an element c E T which centralizes an involution v in X and T, = (H, HC). 
Clearly, K = (C(X), C(X)“) centralizes v, and so K is solvable and an 
Sa-subgroup of K is cyclic. But H and HG are 2-subgroups of K which are 
normalized by some subgroups of order 3 of K. Hence T, C O,,(K) and SO 
Q normalizes T,, , a contradiction. The lemma is proved. 
LEMMA 8.13. One of the following holds: 
(i) N,(F*) C M, where F* = V(ccl,(F); T). 
(ii) Ne(W,) C M, where W, = Q,(Z(W,)) and 
Wl = (~(ccl,(F,); T) 1 [F : F,, I = 2). 
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Proof. Suppose the lemma is false. Let P f 1 be an SD-subgroup of n, 
p an odd prime, which is permutable with T. Let El = O,(TP) SO that 
T/H f 1 is cyclic. Since No(F*) g M, it follows that there exists g E G such 
that Fg C T but Fg g H. Let y E F” - H so that we may assume that 
(replacing P with another SD-subgroup of M, if necessary) y acts invertingly 
on P. Set F,, = FQ n H and let HI be the normal closure of F, in TP. Since 
HI c H C T and / Fg : F,, [ = 2, we have that HI C R’, . Set H, = C(H,) n TP 
so that Hz Q TP. Since Hs centralizes F, , we have H2 C A@. Assume that 
p 1 1 Hz j. Then P n H, f 1 is an S,-subgroup of Hz . But Hz normalizes 
Fg and y acts invertingly on P n Hz. Thus [P n Hz , y] = P n Ht CFP, 
and so P n H, = 1, a contradiction. It follows that Hz is a 2-group and so 
H2 C H. Hence Hz is a 2-subgroup of MS which centralizes the hyperplane 
FCI of Pg. Note that C(y) n Hz = 0 n H, and since H2 stabilizes 
Fg 1 F, 1 1, it follows that Hz/(Cg n Hg) is elementary abelian of order < 8. 
Since Hz contains IV,, and N,(W,) g ACr, it follows that P acts faithfully on 
Hz. If 1 H2/CH3(y)J < 4, then / P 1 = 3 because M is a S’-group. On the 
other hand, / M / > 3 . / T I and so there exists an SD-subgroup P of M, 
p an odd prime, which is permutable with T so that we have, in our situa- 
tion, I H, : CHp(y)J = 8. This f orces ) F ] = 16 and l[y, Hi]1 = 8. But 
[y, H2] C Fg n -Fi, = F, n Hs , and so F, _C H:, . Also Eg c F. _C H, , and so 
D _CF, C .Q,(Z(HJ). Set L = Qn,(Z(H,)) and note that L is a normal elemen- 
tary abelian 2-subgroup of TP and that Eg _C L. If an,(P) centralizes L, then 
.Ql(P) _C MQ and so Ql(P) normalizes F” which contradicts the fact that y 
inverts Q,(P). Thus P acts faithfully on L and we are assuming here that 
I P I f 3. Again, /L : C,(y)1 < 8 and so 1 L/C,(P)! < 2!j and P acts faith- 
fully on L, = [L, P]. Since an &-subgroup of GL(5,2) or GL(6,2) is not 
inverted by an involution in these groups, it follows that we must have 
/Lo / = 2’j, P is cyclic of order 9 or 7 and P acts fixed-point-free and irre- 
ducibly on L, . 
Suppose that 7 +’ / M /. Then lllr = TP where P is cyclic of order 9. In 
particular, L is a normal elementary 2-subgroup of III which is acted upon 
faithfully by P. Hence IL 1 > 26. Choose a smallest normal subgroup P of 
M which is contained in L subject to j F / > 8. If P C C,(P), then I P ! = 8 
and M possesses a normal elementary abelian subgroup of order 8 which 
contains .Ql(Z(T)). But this contradicts the minima@ of 1 F /. Hence 
F $ C,(P) and since P acts fixed-point-free on F/(3 n C,(P)), we have that 
1 F / > 26. By the proof of Lemma 8.10, we get a contradiction. In fact, let 
F/E be a chief factor of M so that j B I < 4. If E $Z(M), then ,!?E is a 
normal elementary abelian 2-subgroup of M of order 8 which again contra- 
dicts to the minimality of ! F /. Hence E C Z(M), and set c = C(p) and 
D = O,(M mod c) so that D/C is elementary abelian 2-group and M/B 
is isomorphic to a dihedral group of order 18. There is h E G such that 
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E”CM but Ehgil W’ e h ave C,(t) = Cp(Eh) for every involution t in Eh. 
Thus if x E Eh - B, then x centralizes a subgroup of index at most 4 of F 
which contradicts the fact that x inverts an element of order 9 in fif. 
We have proved that /F 1 = 16 and an &,-subgroup of M is cyclic of 
order 21 or 63. Assume now that there exists an involution i EF - E such 
that M is not the only maximal 2-local subgroup of G which contains C,(i). 
Let Ti be an &-subgroup of C,,(i) and set T,, = Tl n C so that To is an 
&subgroup of C, C,(;)/C is a ,-group and / Tl j = (l/2) 1 T / or 
/ T, j = (l/4) / T /. Let C, be an S,-subgroup of C which is permutable 
with Tl . Note that T,, contains an element of SUVa(2). Let S be the set of 
all maximal 2-local subgroups X of G with the following two properties: 
(1) X> TIC’, and (2) Xc M. We know that S is nonempty. Let U be an 
element in S such that / U n M ja is maximal. Let L be a Hall (2, 7)-sub- 
group of M n U which contains T,C, and let T, be an &subgroup of L 
which contains T, so that Tz is an &-subgroup of M n U and C, is permu- 
table with T, . Also Tz is not an &-subgroup of &I. We have O(L) = 1. 
Assume that T, is not an &-subgroup of U. There is a characteristic sub- 
group B + 1 of T, such that N(B) IL. But N,(B) CM and / N,,(B)i, > / Tz /, 
a contradiction. Hence Tz is an Sa-subgroup of U. Also every 2-signalizer 
in U is trivial. The maximality of 1 U n M /a together with the 
factorization lemmas implies that I U : (U n Ill)/ = 3 or 5 or 15. Also 
NG( T,) C M. 
Assume that 5 1 I U I. Let K b e a Hall (2, 5,7)-subgroup of U 
which contains L. Let K* be a Sap-subgroup of K which contains C, . 
Then K* is cyclic of order 35 and K* is permutable with Tz. This 
implies that an $-subgroup Q of K* is permutable with Tz . We have Q $ A/r 
and so Q does not centralize Z(T,) because E _C Z(T,). Also O(T,Q) = 1 
and so N(J(T,)) > TzQ. Let B be a (2, 5)-Hall subgroup of N(J(T,)) which 
contains TzQ. Let T3 be an S,-subgroup of A which contains A n M. 
Clearly, Q is an &-subgroup of A and so Q is permutable with T3 . Since 
I N,b,(j(T.J)I, > j Tz 1, it follows that T33 T2 . If B n M = Tz , then 
N( TJ $ M, a contradiction. Hence A n MI Tz . Assume that T3 f (A n IV) 
so that T3 is an &-subgroup of G and I T3 : (A n iLf)l = i(A n M) : Tz I = 2. 
Let Ta be an &-subgroup of il4 which contains A n M so that 
/ T4 : (d n M)l = 2. Since N,(;2 n M) >_ ( T3 , T4) and T3 $ M, we have 
No(A n M) = T4Q, = T3Q1 , where 1 Qi / = 5 and N,(J(TJ) = A = T3Q. 
Since T4 g A, it f o 11 ows that A and T4Q1 are two distinct maximal 2-local 
subgroups of G which contain T3 and both have order 5 / T I. 
This is a contradiction and so T3 = A n M. Thus Q is permutable 
with A n M and since Q does not centralize Z(A n M), it follows that 
N(J(A n M)) 2 (A n M)Q. Hence N,(J(A n M)) = M,Q, where Ma is an 
&-subgroup of M which contains A n M. It follows that Q is permutable 
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with LIT,. Let C,* be an &-subgroup of M which is permutable with llfZ. 
Let C,, be a Hall 2’-subgroup of C which contains C,“. Note that CZ, is 
cyclic of order 7 or 21 and so C, = (C,*)c, where c E T,, and T, L r\Iz. 
Thus C, is permutable with Nl, and so K* is permutable with J&. By a 
result of Wielandt [19], i&K * is solvable. Since O(MgK*) = 1, we have 
O,(M,K”) += 1. Th 1s is a contradiction, since M&* has order 35 ; T j. 
We have proved that 5 f ( U \ and so j U : (U n i’1)( = 3. Note that an 
&-subgroup of M is an &-subgroup of G. If (U R M)/(~; n C) is not a 
2-group, then U n M contains an &-subgroup of M, a contradiction. 
Hence (U n lV)/(U n C) is a 2-group. Suppose that c’e C. Then 
Ci n C = T,C, and let V be a Hall (2, ?)-subgroup of Ad which contains 
.Ei n M. Then t’3 (U n M) and V/(U r? C) is a 2-group. This implies 
that A;,,( U 17 M) f (U n M). Suppose that U I C. Since (U n M)/C is a 
IL-group but is not an &-subgroup of M/C, it follows again that 
A&( U n AI) + (U n M). We have a contradiction by Lemma 5.1. 
We have proved that M is the only maximal 2-local subgroup of G which 
contains C,,(i), where i is any involution in F. Since N,(F*) !$ M, we get 
that F* $ C and so there is an element g E G such that F!J C Ill but F” $ C. 
If .I’ is any involution in F, then C(r) n F” # 1 and so F C 51s. We get 
1 + [F, Fy] C F n Fg. Let i E (F n Fg)+. Since Al and MS are maximal Z-local 
subgroup of G containing C,(i) = C,%[(;) = C,,,(i), it follows that M = itbg 
which implies that g E Al and F’J = F. This contradiction proves the lemma. 
It is now easy to get a contradiction from Hypothesis 8.1. By Lemma 8.8, 
W = TQ where j e / = 5 and 1 AN(Q)1 = 2. Set F = !&(&(A’)). By Lem- 
ma 8.5, we have 1 Y j > 8. Thus by Theorem 5.1, 1 I’ ) = IG, H = O,(N) = 
C.v(~J, I T : H / = 2, and E = [T, r’] = Q,(Z(T)) is a four-group. By 
Lemma 8.13, there exists a subgroup Fl of F with I F : F, / < 2 and an 
element g E G so that (F1)Y 6 T but (F,)s g H. Set X, = F,g n H so that 
i F,!’ : X0 / = 2. Let .v E Ff - X,, so that we may assume that ?z inverts Q, 
Since X,, is a subgroup of index at most 4 of Fg, it foilows by Lemmas 
8.11 and 5.12 that C,(X,) C Mg. In particular, I- C_ My and SC 
[x, Y] = E c Y n FY. Hence E is a subgroup of index ar most 4 of Fy. This 
gives that IV = MY, o w E M and so Fg = F. We have E’n F = E since 
:Y E F - 2% and C,(x) = E. Also we have [H, Lo] C_ H A F. The group Q 
acts fixed-point-free on I’. Let HI = D(W mod Y) and so x centralizes a 
hyperplane of H/W, . Hence Q centralizes N/H, and so Q centralizes H/Y. 
It follows that N = E’ x Hz where H, = C,(Q). Since H, 4 N and 
Y 7 E = Q,(Z(T)), we get Hz = 1. It follows that C(Q) has odd order (by 
Lemma 2.17). But this contradicts Lemma 2.15 and Lemma 8.7. We have 
proved the following result. 
THEOREM 8.1. The Hypothesis 8.1 is not satisjied. 
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9. SOME LEnlbfAs ABOUT F 
All lemmas in this section are proved under the following: 
HYPOTHESIS 9.1. Let M be a maximal 2-local subgroup of G which con- 
tains a jixed &-subgroup T of G. Assume that 1 ik? / > 3 . 1 T 1 and 
I Q~,(&(~f))l < 4. 
LEMMA 9.1. The group lU possesses normal elementary abelian 2-subgroups 
of order ,I 8. 
Proof. This result follows at once from Theorem 8.1 and Lemma 2.19. 
In the rest of this section, F will denote a normal elementary abelian 
2-subgroup of M which satisfies the following two conditions: (i) 1 F 1 > 8, 
(ii) F is minimal with respect to _C. Also let F/E be a chief factor of M so that 
lEl <4. By Th eorem 8.1 and Hypothesis 9.1, we have 1 E 1 = 2 and 
&(2(T)) = E. Set C = C,,(F) and D = O,(M mod C) so that D stabilizes 
the chain F 3 E r> 1 and so D/C # 1 is an elementary abelian 2-group. By 
Lemma 9.1, F exists. We have 1 F/E 1 = 2” 3 4 and 1 D/C j < 2”. Since 
Z(D) n F = E, we have for every involution i EF - E, / D : C,(Q = 2 and 
IF : C,(x)/ = 2 where x is any element in D - C. This implies that 
j D/C 1 = 2”. 
LEMMA 9.2. Let F,, be a hyperplane of F. Then C,(F,,) C AI. 
Proof. Suppose the lemma is false. Then F = E >; F,, and so C&F,) = C. 
Set T,, = T n C so that T,, is an &subgroup of C. Since N(T,,) covers 
M/C and n/J/C is not a 2-group, it follows by Theorem 7.1 that N,(B) C AI, 
where B is any characteristic f 1 subgroup of T0 . In particular, T,, is an 
Sa-subgroup of C(F,J and so the factorization lemmas imply that 
I C(F,,) : C I = 3. Let B be an &-subgroup of C(F,) which is permutable 
with T,, . Then A is cyclic, =2 g M, O(T,,A) = 1 and / T,, : TI 1 = 2 where 
Tr = O,(T,A). There is an element t in N,,(TO) which does not normalize 
TI so that T, = (T, , (TJ). Set X = C(F,,) and realize that (X, Xt> 
centralizes F, n (F,,)t # 1 and so (X, Xi> is solvable and has cyclic &-sub- 
group. Since TI and Tit are normalized in (X, Xt> by some subgroups of 
order 3, it follows that T, C 0,$(X, Xtj) and so 4 normalizes T,, . This 
contradiction proves the lemma. 
LEMMA 9.3. Assume that 1 F ( = 8. Then for every i E Fe, we have that 
M is the only maximal 2-local subgroup of G which contains C,,(i). 
Proof. Suppose the lemma is false. Let i be an involution in F - E 
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and N a maximal 2-local subgroup of G such that N 1 C,(Z) and 
fig + N. Note that / A4 : C,(i)1 = 6 and so the six involutions in F - E 
are conjugate in M. Since C is not a 2-group, it follows by Theorem 7.1 
that M n N does not contain an &-subgroup of M. Thus D n N = C,(i) 
and so ill n N = C,,,(i) because an &-subgroup of M has no nontrivial 
fixed points on D/C. We have N,\,(M n N) f (M n N). Let To be an 
S,-subgroup of lW n N and let T be an S,-subgroup of M which contains 
T, so that / T : To j = 2. Since SZ,(Z(T)) = (z>, where E = (z>, it follows 
that Q,(Z(T,)) = (2, i). 
Suppose that NG( T,,) g iIF. Since N( To) normalizes (x, i:: and Cc:((x, i)) = 
M n N, we get NG((z, i))/(M n N) z & and NJ(x, i>) = T(M n 74). 
This contradicts Theorem 7.1. We have proved that N&T,) C M and so, 
in particular, To is an ?&subgroup of N. Note that T,, contains an element 
of SCiV,( T) and so T,, does not normalize any + 1 odd-order subgroup of G. 
By Lemma 5.1, we have 1 N : (M n N)I i: 3. Hence there is a characteristic 
subgroup B f 1 of T,, such that N,(B) $ M which implies that N.,(T,) = 
N ,,,,(T,) = To. This shows that an &,-subgroup of N is cyclic. Let 
C,, + 1 be an &,-subgroup of C and so C,> is also an &,-subgroup of 
T(M I? N) which shows that C’,, is permutable with T. Let ATZ* be an 
A’,,-subgroup of N which contains C,, so that ni,, is permutable with T0 . 
Since NZ* is cyclic, it follows that every subgroup of N2, is permutable with 
To . There is a characteristic subgroup B, # 1 of T, and a subgroup P of 
prime power order of NZ, such that N(&) >_ (P, T> and P !$ C,, . We have 
iVA,(Z3,) = T, since iVo(&) g +W. By Lemma 5.2, we have N(T) = T and so 
an &,-subgroup of NG(B,) is cyclic. This implies that P is permutable with 
T. Hence the cyclic group S = C,,P is permutable with T. Since TS is 
solvable and O(TS) = 1, we get that O,(TS) + 1. But TS $ M and so we 
have a contradiction to Theorem 7.1. Our lemma is proved. 
LEMMA 9.4. Let F, be a subgroup of index 4 ofF. The?1 C,(F,,) C &I. 
Proof. Suppose the above is false. Then F,, x E is a subgroup of index 2. 
of F. Aiso, C,k,(Fo) stabilizes the chain F 1 FOE I? 1 and so C,,(F,)/C is an 
elementary abelian 2-group. If C,,(F,j $ D, then there is an element 
t E lli - D such that t2 E C and C,(t) = FOE. For every subset X of M, 
we set X = XII/D. Then it4 acts faithfully and irreducibly on p = F/E and 
t is an involution in M. Since C&(m) = 1) we see by Lemma 2.12 that there 
exists a subgroup P of odd prime order p of F(B) such that t inverts H. 
Note that P (3 M and that [p, p] is M-admissible. Since [p, p] + 1 and P 
is a chief factor of ill, we get [fl, P] = p. Since t centralizes a hyperplane of 
P, we get 1 E ( = 4 and 1 F 1 = 8. But this contradicts Lemma 9.3. 
We have proved that C,,,,(F,,) C D and so ! C&F& : C j = 2. Let To Se a 
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&-subgroup of C,(F,,) and set Ti = To n C so that Tl is an Ss-subgroup 
of C. Note that Tl contains an element of SCN,(2) and so T1 does not 
normalize any # 1 odd-order subgroup of G. Suppose that there is g f G 
such that Fg _C To but .Fg g Tl . Let i E F - EF,, SO that z’ centralizes a flyper- 
plane of FQ. By Lemma 9.2, we have i E Ms. If i g Dg, then the argument of 
the previous paragraph shows that / F g i = 8, which contradicts Lemma 9.3. 
Hence i E LP - 0’ and SO [P, i] = EQ = E. This implies that g E M and so 
Fg = F which is a contradiction. 
We have shown that F,* = V(ccl,(F); T,,) C Tl. Since N(T,) covers M/C 
and M/C is not a Zgroup, we get by Theorem 7.1 that N,(F,*) C hf. In 
particular, NG(T,,) _C M and so To is an Sa-subgroup of C&‘s) = C(F,,). 
Let P be an SD-subgroup of C(F,,), p an odd prime, which is permutable 
with T,, and P $ M. Set H = T,,P and W = Ql(Z(O,(H))) so that EF, C W. 
Since P does not centralize E, we have [FV, P] f 1. Since NG(Fl*) 2 M, 
there exists g E G such that Fg c T,, but FQ g O,(H). Since To/O,(H) is cyclic, 
tTr centralizes the hyperplane Fg n O,(H) of Fg and so W_C Ms. If FY$ Dg, 
then / FQ j = 8 which contradicts Lemma 9.3. Hence FP’lr_c Dg. Let 
x E Fg - O,(H) so that we may assume that x inverts P. Since [l47, P] + 1, 
we have [ lv, X] + 1. Thus [I$‘, Fg] = Es _C W n Fg and so x centralizes a 
hyperplane of FK It follows that [JV, P] is a normal four-subgroup of H, 
[[IV, P], x] = Es c [W, P], p = 3, D(P) centralizes W and so D(P) _C M. 
Thus 1 C(F,) : C,,(F,J( = 3 and j T,, : O,(H)/ = 2. This implies that 
Eg _C Z( To) and so To _C IUp. Also D(P) centralizes Es and so D(P) _C MO. 
Since x inverts D(P), it follows that D(P) = 1 and so ] P ] = 3. This implies 
that D is a 3’-group. 
Since F = F/E is a chief factor of M and K = F(M/D) f: 1 is a cyclic 
group of odd order m, it follows that K acts fixed-point-free on F. The group 
i$ = F,,E/E is a maximal subgroup of F. Let i E F - E such that i = iE lies 
in the center of T/E. The element l‘ik ... z Mkm-1 is fixed by k where K = (k). 
Assume that all rk” lie in F - F,, . But then i = ik ... ilime1 and so Z EF,, , a 
contradiction. We see that there is an element i EF~* such that 
1 DC,,(i)ig = / T I. Here we have j D : C,(i)/ = 2. Let T be an &,-subgroup 
of C,(i) which contains T,, . 
Assume at first that i is not conjugate in G to Z, where E = (z). Then p 
is a &-subgroup of C,(i). We see that Q,(Z(p)) = (i, .z>. Let L be an S,,- 
subgroup of C,(i) which contains P. Then L is permutable with F. Let P3 
be an Sa-subgroup of L which contains P and let L* be a normal 3-comple- 
ment of L. Suppose that P3 does not centralize L*. Then 3 1 ] C(i)/(C(i))’ 1 
and so 3 1 / iv(T) n C(i)j, which implies that T C O,(C(i)). This is a contra- 
diction, since T,, is contained in F. Hence, P3 char L and SO P is permutable 
with p. Let H* = f’P so that j T : O,(H*)I = 2. If x E O&H*), then [P, x] 
is a 2-group which contradicts the fact that x: inverts P. Hence x $ O,(H*) 
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and so Fg n O,(H*) is a hyperplane of Fg which is centralized by 
I;[I* = Q,(Z(O,(H*))). Hence IV* C MS and Lemma 9.3 also implies that 
W* C D. Since x E Iv*, P does not centralize W” and so x does not centralize 
IV*.\Ve get [I&‘*, FQ] = EQ C W* IT Fg and so Es C Z(T). Hence T L z%fg. 
Assume that g 6 M. Then M + Ma and let T* be an $-subgroup of 31g 
which contains T. If T* $ M, then .a is conjugate in G to i, a contradiction 
Hence T* C X and so Q1(Z(T*)) = <.=j is normal in XQ, which is again a 
contradiction. 
1Ve have proved that g E M and so Fg = F. Since O,(M) C D, it follows 
that [O,(H), x] = E and so P centralizes O,(H)/[W’, P]. Hence 
where K, = C(P) n O,(H). Suppose that D(K,) F 1. Since 0(&J = D(T,), 
where 2; = C(x) n T,, , we have that D(T,) is a characteristic subgroup of 
T, which is centralized by P. This is a contradiction. Hence T, is elementary 
abelian. Since O(C) = 1, we have that T1 (1 C. Let C* be an S,+ubgroup 
of C. hssume that C* f 1. We have [T, , C*] + 1 is a normal subgroup 
of A4 and [T, ) C*] n F = 1, which contradicts the fact that Qi(Z( T)) -= E. 
We have shown that Tl = C is elementary abelian and so D = O,(M). 
Let37 E N&T,) - N(O,(H)) so that T,, = <O,(.H), (O,(H)jQ). IfFa n F;u =;n I1 
thenIF]<16.IfIFI=8,thenIn/= 3 j T /, which is a contradiction. 
Suppose that 1 F j = 16. Then 7 ( 1 M 1 and so N is 2-closed. By Lemma 5.2, 
M is the unique maximal 2-local subgroup of G which contains T. Let N be 
a maximal 2-local subgroup of G which contains C,(i). Then T is an S,-sub 
group of M il N which implies that T is also an &-subgroup of N. We have 
X,(T) c M and T contains an element of SCNa(2). Note that M n X is 
2-closed and so if 3 1 1 M n ,?r 1, then T C O,(N) and so P normalizes T, ) 
which is not the case. If 7 1 ] M n N 1, then an &subgroup R of M does 
not act fixed-point-free on D/C which is not the case. Hence JI n K = T’ 
and so r\r,(M n IV) + M n N. Also the factorization lemmas give that 
\ iv : T / = 3 and we have a contradiction to Lemma 5.1. 
We have proved that F. n Fov f 1. It follows that (C(Fa), (C(FOj)Y;? is 
solvable and has a cyclic &-subgroup. This forces that T, is normalized by 
P, which is a contradiction. We have proved that N,,,(T,) C N(O,(H)) and so 
D C N(O,(H)). Let Ta be an E&-subgroup of N,,(B,(H)) and let Ta be an 
&-subgroup of N(O,(H)) which contains T2 . Let U be a Hall (2, 3)-sub- 
group of N(O,(H)) which contains T, . Then Zr3 T3 since PC N(O,(H>). 
Also O(U) = 1 because T3 11) and D contains an element of SCAT.& T). Set 
U, = O,(U) so that ! T3 : U,, j = 2. If x E EO, then x E O,(N(O,(H))) 
which implies that T,, = (x, O?(H)) is contained in O,$N(O,(H))), and so 
P normalizes To , a contradiction. Hence Y C; U. and so D fi CT, is a subgroup 
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of index 2 of D which does not contain F. It follows that X0 = U, n D is a 
subgroup of index 2 of D which does not contain x and since O,(H) _C X,, , 
we have X0 n Tl = O,(H) n Tl = C(x) n O,(H) = KJ3 where 
K, = C(P) n O,(H). 
We see that D(D), D’ and Z(D) contain E and all these three subgroups are 
contained in K,E. Assume that D has a characteristic subgroup D, such that 
K,E 3_ D, 3 E. Let M* be a &,-subgroup of M. Suppose that M* centralizes 
D,, . Let EJE be a chief factor of M where El _C Do . Then Er is a normal 
four-subgroup of M, which contradicts Theorem 8.1. Hence M* does not 
centralize D, and so / D, 1 3 8. Let F” be a normal subgroup of M of the 
smallest possible order subject to the conditions F” _C Do and 1 PO J > 8. Note 
that P centralizes a hyperplane of F”, which contradicts Lemma 9.2 It 
follows that Do is not available. Hence D = O,(M) is an extra-special group, 
which contradicts Lemma 2.19. 
We have proved that i is conjugate in G to 3. Let T be an Sa-sub- 
group of M which contains F and let T” be an &,-subgroup of C(i) which 
contains p. Then 1 T : i; 1 = 1 T” : p ( = 2 and (i, x} is normal in (T, T*). 
On the other hand, C,,(i) = C,((;, 2)) and so (T, T*) normalizes C,(i) 
and NG(CM(i))/CM(i) N x3. Thi s s h ows that C,(i) is a 2-group and so 
D = O,(M). We have C,(i) = Fand No(p) = <T, T*> where <T, T*)lT=&. 
Also T*g M arid so Lemma 5.2 implies that N( T) = T and so an S&subgroup 
of M is cyclic. Since P C C(z), we have that 3 1 1 M I. We set N = No(F) = 
NG((i, z)) = (T, T*> = TA, where / A 1 = 3. Let N* be a maximal 2-local 
subgroup of G which contains N and assume that N* 1 N. If QR,(R,(N*)) 
has order greater than 8, then Theorem 5. I implies that 1 N* 1 = 5 . 1 T (, 
which is a contradiction. Hence 1 Q,(Ra(M)( < 4 and so by Theorem 8.1 we 
get 1 Q,(R,(N*))] = 2. This shows that E = O,(Z(T)) is normal in N”, a 
contradiction. Hence N is a maximal 2-local subgroup of G. 
Let PO be a subgroup of order 3 of M which is permutable with T. Since 
P x F. is conjugate in G to a subgroup of AZ, it follows that C,,(P,) contains 
an elementary abelian 2-subgroup of order > (F. I. Let S be any maximal 
2-local subgroup of G which contains T. Then either / S / = 3 . ( T I or 
S=.MorIQ1(RR,(S))/ >8andISi >3.1 T/inwhichcaseISI =5-j TI. 
If 1 F. 1 < 4, then we get a contradiction to Lemma 9.3 or to the fact that 
N(T) = T and F/E is a chief factor of M. Hence j F. j > 8. If 1 F. / = 8, 
then I F I = 32 and so j M I = 15 . / T I. By Lemma 2.17, we get that an 
S,,-subgroup of every 2-local subgroup of G has order which divides 15. 
Suppose that C(P,) is nonsolvable. Since N(T) n TP, = T, we get that 
1 N(P,) : C(P,)I = 2. Let M* be an S,,-subgroup of M which contains PO. 
Then M* is cyclic and so C(z) n C(P,) = C,,(P,) = M*C,(P,) has a normal 
NONSOLVABLE FINITE GROUPS 501 
3-complement. Set K = O(C(P,)) = O(N(P,)) and X = K(N(P,))’ so that 
.X/K is simple, X c C(P,,) and N(P,,)/K is isomorphic to an automorphism 
group of X/K. Since N(PJX has even order, it follows that X/K is isomor- 
phic to k&I), 4 odd, L,(3), u,(3) or the Tits simple group. If X/K e&(3) 
or U,(3), then 1 N(P,,)/X / = 2, X = C(P,,) and so C(x) n C(P,) has no 
normal 3-complement. If X/K is isomorphic to the Tits simple group, then 
j N(P,,)/X j = 2 an d so X = C(P,). There are no involutions in N(Po) - X. 
Since C(Z) n C(P,,) has a normal 3-complement, it follows that z lies in the 
center of an &-subgroup of X and so 1 C,(X)/C~(Z)I = 2i1 . 5. Let P* be 
an &-subgroup of M* which contains P,, . We see that P* is an &-subgroup 
of C,(Z). Let P, be a x-invariant Sa-subgroup of K which contains P*. Then 
N(Pl) covers X/K and so C(P,) covers X/K. This implies that Pi is cyclic 
and is centralized by an involution in X. This forces P, = P”, Let I7 be a 
four-subgroup of C,(P*) such that N,(rK)/K has order divisible by 3. But 
then 3 . / P* / divides the order of N(V). This is a contradiction. We have 
proved that X/K -L,(q), q > 5 and q is odd. Since CjPJ contains an 
elementary abelian 2-subgroup of order >, 8, we get C(P,,)/K N ‘& and 
j F,, 1 = 8. But then there is an involution ; in C(P,) - X such that 
9 ( ( C,r(t)l. This is a contradiction. 
We have proved that C(P,) is solvable. Assume that an S,-subgroup of G 
is noncyclic. Hence an Sa-subgroup of C(P,) is noncyclic and C(P,) contains 
an elementary abelian subgroup I of order 8. Let J be a Hall (2, 3}-subgroup 
of C(P,) which contains I x P,, . Since O,(J) = 1, we see by Lemma 2.12 
that J possesses 2 subgroup which is a direct product of three dihedral 
groups of order 6. This is a contradiction and so an &-subgroup of G is 
cyclic. In particular, PO and A are conjugate in G. Let T = O,(TP,,) so that 
T is 2 maximal element of H(P, ; 2). Also T is a maximal element of 
EI(4; 2). Assume that Fkl is not a Frobenius group. Then we may apply 
Lemma 2.11 and we see that T and T are conjugate in 6. By a theorem of 
Burnside, we get that T and F are conjugate in N(T) = 2’. This implies that 
T = T and so NG(p) > (PO , Nj. This is a contradiction. 
We have shown that T/I is a Frobenius group. This implies that cl F < 2 
(Neumann [S]). Since Z(;i’) C C, we get that T/C’ is abelian. Let y E ?” - D 
such that y2 E D. Let B, be 2 subgroup of odd prime order p of M such that 
(y, B,>/((y, Bs) n D) is a dihedral group of order 2~. Note that y central- 
izes a hyperplane of D/C and that B, acts fixed-point-free on D/C. This 
implies that p = 3 and j D/C / = 4. But then 1 F / = 8, which contradicts 
Lemma 9.3. Our lemma is proved. 
LEMMA 9.5. We have v(ccl,(F); T) L C. 
Proof. Suppose the lemma is false. There exists g E G such that FQ 6 T 
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but Fg $ C. Set Fg = F”, Es = E*, Cg = C*, DQ = D*, n/lg = Al* and 
IQ = I*, where I is the set of all involutions i of M’such that M is the only 
maximal 2-local subgroup of G which contains C,,(i). Since &I + AI*, we 
haveInI* = .@. 
Suppose that F* C D. Choose f E F - C(F*) and let F,* = C,,(f) so that 
1 F* : Fl* 1 = 2. Since f centralizes a hyperplane of F*, we have f E lM*, by 
Lemma 9.2. If f If D*, then an easy argument shows that 1 F* 1 = 8. By 
Lemma 9.3, we have that [F*, f] = E and Eg E I n I*, a contradiction. 
Hence f E D* and so [F”, f] = E = E”, a contradiction. 
We have proved that F* g D. Set 1 F*/(F* n D)l = 2b, R = M/D and 
assume that b > 1. Let X/D be a subgroup of F(m) such that 
X/D = X,/D x ... i< X,/D, where Xi admits F*, X.,/D is of odd prime 
order pi and C,,(X/D) = F* n D. Since F(s) is cyclic, we have Xi 4 M, 
i = I, 2,..., b. Let F,* = C,,(XJD) so that j F* : F,* 1 = 2. Let P = F/E 
so that F is an FaM-module in the obvious way, where Fz is the field of two 
elements. We have [p, X,] + 1 and [F, X,] is M-admissible since X, Q M. 
Since P is a chief factor of M, we get [I’, X,] = P and so Xi has no nontrivial 
fixed points on I? Let pr be an irreducible F,(X,F*)-submodule of I? Hence 
Fr = FJE is a subgroup of P which admits X,F* and is minimal subject to 
[F, , X1] f 1. Then F,*D centralizes pr but F* does not. Choose ,f * E Fl 
such that Fw does not centralize f *E. Let F3jk = C(f *) n F,* so that 
jF2*:F3*l <2 and IF * : F3* I < 4. By Lemma 9.4, we have f * E M*. 
Suppose that f * $ D*. Since f * centralizes a subgroup of index at most 4 of 
F*, it follows that IF* I < 25. But then an &-subgroup of &I is cyclic of 
order < 4 and so b = 1, a contradiction. Hence we have f * 6 D* and so 
[f*, F*] = E* _CF andF _C &I*. This implies that [F, cc, y] = [[F, x], y] = 1 
for all x, y EF*. We can choose elements fix,..., fb* in F* such that fi* 
inverts X,/D and centralizes X,/D for all j $1 i. Thus 
F* = (F* n D) x (fi*) .‘. x (fb*>. 
Also, since fi* inverts X,/D, Xi contains an element xi of odd order which is 
inverted by fj* and Xi = (D, xi>. Since X.i Q &I, we have ELF, (xi>] Q M 
which implies that F = E x [F, (+>I, i = 1,2,..., b, and so X,/D acts 
fixed-point-free on P. We have [F, fl*, fi*] = 1. But [p, fi*] # 1 is 
(x,)(f,*)-admissible and ca* centralizes [F, fl*] which implies that (x2) 
centralizes [p, fl*] against the fact that X,/D acts fixed-point-free on f;i. 
We have shown that 6 = 1. We have I F* : C&c)[ < 4 for every x EF. 
Lemma 9.4 implies that F _C &I*. By symmetry, we get IF : (F n D*)j = 2. 
Also, [F* n D, F n D*] _C E n E* = 1 and so (F* n D, F n D*> is abelian. 
Choose f EF - (F n D*). Note that f centralizes a subgroup of index at 
most 4 ofF* and so IF*1 <32. Iff centralizes a hyperplane of F*, then 
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j F* j = 8 and so Lemma 9.3 implies that [F, F*]* c 1 n I*, a contradiction. 
Hence we have 1 F ! > 8, which implies that j F” : C,,(f)\ = \ F : c&*)1 = 4, 
where f * E F* - D. Since M/D has even order and F/E is a chief factor of 
bl, it follows that 1 F / = 32. We have that [F”, j] is a four-subgroup and 
[F*, f] n E* = 1. Since F n D* does not centralize F”, we have 
[F n D*, F*] = E*. Hence l[F, F*]j >, 8. On the other hand, [F, F*] CF n F* 
and \ F !> F* 1 < 8. This implies that [F, F”] = F n F” has order 8 and 
E x E* L F n F*. Set E = (2). We see that E is not weakly closed in F, 
Also C IP F* = F n F*, C C M* and so [C, X] 6 F for x E F* - D. Assume 
now that t E I whenever t E F+ and DC,,(t) contains an S,-subgroup of 3f~ 
We see that [F, f *] is a four-group, [F, f *] n E = 1 and [F, J*] contains 
an involution u such that DC,(u) contains an S,-subgroup of 114. Hence 
(u, .z)” _C I. Similarly, [F*, f] contains an involution ~1% such that (u”, EY;\ is 
a four-group and (u*, E*)+ Z I”. S’ mce these two four-groups are contained 
in [F, F-1 = F n F*, we get that I n I* = a, a contradiction. 
We have proved that there is an involution i E F - E such that DC,,(i) 
contains an &-subgroup of M and i $ I. Let N be a maximal 2-local sub- 
group of G such that N contains C,,(i) and M =+ N. Assume that C is not a 
2-group. Note that an S,,-subgroup of M/D is cyclic of order 5 or 15. Also, 
an &-subgroup of M/D acts fixed-point-free on D/C and on F/E. In particu- 
lar, C,\,(;)/C is a 2-group. Let T be an &-subgroup of C,,(i) and let T be an 
&-subgroup of M which contains p so that 1 T : T 1 = 2. By Theorem 7.1) 
T is an &-subgroup of M n N. Hence D n N = C,(i) and so d’l n PJ = 
C,,(i). We have I\i,,(M n N) # M n N and p contains an element of 
SCN&T). Note that Qr(.Z’(T)) = /i, x). Suppose that No(‘T)g M. Then 
NJ<i, z)) 2 (C,,(z), N&p)), which contradicts Theorem 7.1. Hence we 
must have -\‘Jp”) C M and so F is an &-subgroup of N. By Lemma 5.1, we 
have / N : (M n N)I f 3. Let S be any maximal 2-local subgroup of G 
which contains T and assume that S f Al. Suppose also that I S j > 3 j T j ~ 
If 1 J&(&(S))\ 3 8, then ( S / = 5 . ( T 1. If 1 Q,(R,(S))( < 4, then 
B,(R.,(S)) = @(Z(T)) = E, a contradiction. It follows that 1 S I = 3 . 1 T j 
or 1 S / = 5 . 1 T j, where S is any maximal 2-local subgroup of G which 
contains T and which is different from M. Let p be an odd prime dividing 
j C / and let C, be an SD-subgroup of C which is permutable with T. Then 
C, is permutable with p. Note that F does not normalize any fl odd order 
subgroup of G. Let N*’ be an S,+ubgroup of N which contains C. Assume 
thatjiV:(MnN)I=3u,a32.Thenjnl,~3.iCi,andINi,=3a=!CiS, 
which gives a contradiction, by Lemma 2.17. It follows that there is an odd 
prime q f 3 such that q 1 1 N : (M n N)l. Let it’, be an S,-subgroup of N” 
which is permutable with T so that N, g d’l. There is a characteristic sub- 
group B + 1 of p such that N,(B) contains (T, iv,). Hence N&B) = TiL, 
and / NQ 1 = 5 and so N, is permutable with T. Also, 9 f 5 and M n N 
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is a 5’-group. Let N0 be a Hall (p, 5}-subgroup of N* which contains C, 
and which is permutable with p. Let ND be a normal 5-complement of N, 
and let N5 (of order 5) be an S,-subgroup of N0 . Assume that N5 does not 
centralize ND . Then TN,, has a normal 5-complement. Thus N(p) g $1, a 
contradiction. Hence N, is cyclic and so Ns is permutable with T. There is a 
characteristic subgroup B, # 1 of F such that N,(B,,) = TN5 and so Ns 
is permutable with T. It follows that the cyclic group C,N, is permutable 
with T and so TC,N, is solvable. Since 0( TC,N,) = 1, we have 
O,( TC,N,) i 1. This is a contradiction. 
We have proved that D is a 2-group and so D = O,(M) and an Q-sub- 
group of M is cyclic of order 5 or 15. If S is any 24ocal subgroup of G which 
contains T and S f M, then 1 S 1 = 3 . 1 T 1 or 1 S 1 = 5 . j T /. By Lem- 
ma 2.17, an &,-subgroup of any 2-local subgroup of G has order which 
divides 15. Assume that G possesses a maximal 2-local subgroup S containing 
TsuchthatS#A~andISI=5.iTI.ThenI~~(R,(S))I38andsoby 
Theorem 5.1, T has a normal four-subgroup Y,, such that N,( Y,,) Q S. 
Also, M and S are the only maximal 2-local subgroups of G which contain T. 
Since fi1 has no normal four-subgroups, we get that 1 M 1 = 15 . I T /. This 
implies that all involutions in F - E are conjugate in ICZ and so DC,,(x*) is 
an S,-subgroup of M, where E* = <z*> and x* is conjugate in G to z. Set 
T* = C,,(.z*) so that Q,(Z(T*)) = ( a, x*). Also set Tl = DT” and let T2 
be an Ss-subgroup of C,(x*) which contains T*. We get No((z, a*)) = 
(T, , T2) = TJ, where 1 A j = 3. This is a contradiction. 
We have shown that M is the unique maximal 2-local subgroup of G which 
contains T and whose order is divisible by 5. By Lemma 2.15, the group G 
possesses nonsolvable local subgroups. Let U be a nonsolvable local sub- 
group of G so that K = O(U) # 1 and set X = U’K. Then X/K is simple 
and U/K is isomorphic to a subgroup of aut(X/K).Let KS be an &-subgroup 
of K and assume that KS + 1. Then N(K,) covers U/K and we set 
U, = Nu(K,), X, = N,(K,) and Kl = NK(K3). Let V be a four-subgroup 
of Xi containing three involutions vzll , ~1s , ~a which lie in the same conjugate 
class in X1. Then j CK8(2)& = 3, i = 1,2,3 and so either ] KS j = 3 or KS 
is elementary abelian of order 27. Suppose that KS is elementary abelian of 
order 27 so that C,(K,) C Kl . This implies that Xl/K1 is isomorphic to 
L,(3). This is not possible, since C,,(V,)/C,,(V,) is isomorphic to GL(2, 3). 
It follows that I KS j = 3 and so KS C 2(X,). Hence every 2-local subgroup 
of Xl/K1 has an order prime to 3. This implies that Xl/K1 is isomorphic to 
L,(P*+l), Sx(2sn+i) or Ua(22”+1), where 12 > 1. But then a maximal 2-local 
subgroup in Xl/K1 has order divisible by k = 28il+l - 1. Since 3 r k and 
k > 5, we have a contradiction. 
We have shown that K is a 3’-group and so K is a 5-group. Let V be a 
four-subgroup of X containing three involutions vi , wa , va which lie in the 
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same conjugate class in X. Then \ C,(v.J! = 5, i = 1,2,3 and SO we have 
either / X j = 5 or K is elementary abelian of order 53. 
Assume that K is elementary abelian of order 53. Since C,(K) = K, it 
follows that iY/ilK is isomorphic to a subgroup of GLf3, 5). We get tbat 
UjK ‘v A5 or x:5 . 141so, N,(R) = lJ. 
Suppose now that j K / = 5, so that VG(K) = U and KC Z(X). Every 
2-local subgroup in X,/K has order prime to 5. Note that K is conjugate in 
G to a ,&-subgroup of 114 and that M has no normal 5-complement. This 
forces that U + CG(K) and so j U/X 1 h as even order. This implies that 
X/K -L,(g), q odd, L,(3) or Ua(3). Also 5 ‘i ! r;jX j and so crjX is a {2, 3)- 
group. If 3 / j U/X 1, then X/K N L,(q), q odd, and so there is a 2-local 
subgroup of U whose order is divisible by 9, a contradiction. Hence we must 
have j C?/X 1 = 2 or U/K e aut A, . In any case, 1 &(K)j = 2. 
Assume again that K is elementary abelian of order 53. Let t be an 
involution in X so that CK(t) = P has order 5. Clearly, C,(t) = PS, 
where S is an S,-subgroup of U. It follows that NU(Pj .= KS and we 
want to determine NG(P). Note that KS is a SyIow 5-normalizer in NG(P), 
since N,JK) = U. Assume that N(P) is nonsolvable. By the previous result, 
((N(P))’ P)/P “L,(Y). Th’ is is not possible, since a Sylow 5-normalizer in 
La(5”) has order 5* . 12. Hence N(P) is solvable. We have @(N(P)) = 1 and 
so L =F(N(P)) has odd order. Act with the four-group T; = S n X 011 I, 
and realize that 1 L 1 divides 3 3 . 53. Since K is an S,-subgroup of N(P) and 
C(L) n N(P) = L, we have KC L and so K <I ,V(P). We have proved that 
iV,JP) = KS. Assume that U/K -& . Let u be an involution in U - X 
so that CK(ti) = P* has order 5. But 3 \ j C,(U)] and so 3 i / NG(P*)\. On 
the other hand, P and P* are centralized by some involutions and so, by 
Lemma 2.17, both P and P* are conjugate in G to an S,-subgroup of M. 
This contradicts the result that ,‘v,(P) = KS. We have proved thar 
cl/K h A, and if P is a subgroup of order 5 which is centralized by an 
involurion in U, then N,(P) c U. In particular, we have 1 A,JP)I = 2. 
In any case, we have a subgroup R of order 5 which is centralized by an 
involution and / A,(R)] = 2. Since R is conjugate in G to an S,-subgroup 
of M, we get that T = DF” is an &-subgroup of M and so T = DC,,(z?) 
where E* = (.z*). Set T* = C,,(x*) so that j T : T* / = 2, Qr(Z(T*)) = 
(x, z*> and let T, be an &-subgroup of C,(x*) which contains T”. We get 
I T1 : T* 1 = 2, pi n M = T* and so V&(Z; x*1) = <T, Fi;,> = T-. is a 
maximal 2-local subgroup of G, where / A j = 3. By Lemma 5.2, we have 
NG(T) = T. This implies that 3 f ! M/D / and so Air/D is isomorphic to a 
dihedral group of order 10. Since M* acts irreducibly on Fj’/E*, it foilows 
that there is a conjugate m of x in iW* such that x EF* - D. Let Q be an 
S,-subgroup of dl which is inverted by s. Then M is a splitting estensicn 
of D by the dihedral group Q<x> of order 10. Also, we know that x centralizes 
506 JANKO 
C/F and so Q centralizes C/F. By Lemma 2.1’7, an S,-subgroup of N,(Q) is 
also an Sa-subgroup of N,(Q). 
Suppose now that j K 1 = 5. Since K is conjugate in G to Q, we shall 
identify Q = K. Note that N(Q) = U, X = (U’Q)/Q, N is contained in 
U - X and X/Q is isomorphic to L,(q), q > 5, q odd, La(3) or i&(3). Also 
1 U/X 1 = 2 or U/Q N aut(A,). Note that x is conjugate in G to 2: and so 
3 r 1 Cr(x)J. This shows that X/Q is not isomorphic to L,(3) or U,(3). We 
have z E C,(Q) and C,(z)/Q is a 2-group. This forces x E X. Assume that 
U/K ‘v aut(&). Then C,( ,) 3 is not a 2-group and so Cr(x) contains a sub- 
group Q* of order 5 and so Q* is conjugate to Q in G. But we have 
1 AU(Q*)l = 4, a contradiction. This proves that U/Q N PGL(2, q), q odd. 
We must have that C,(x) is dihedral of order 10 and C,(x)/_0 is a 2-group. 
This implies that U/Q N PGL(2, 9) and X = Q x X”, where X* N d, . 
41~0, x normalizes X* and X*(x) csi PGL(2,9). We have C&x) = Qe(y), 
where 1 Q,, 1 = 5 and y is an involution which inverts QO. Set & = QQO and 
see that N(Q) n N(Q) = (Q(x>) x (Q&J>). Since Q is conjugate in G to 
Q. , we have N(Q) n N(Q,) = (Q(x)) x (Qo(y)) and C,($) = &. Hence 
N(Q)/& is isomorphic to a subgroup of GL(2, 5) and, by a fusion result of 
Burnside, we have N(Q) # (N(Q) n N(Q)). Since & has precisely six sub- 
groups of order 5, we have I + m = / N(Q) : (N($) n N(Q))/ d 6. Suppose 
that m = 5. Then & has a subgroup Qr of order 5 such that Q1 4 IV(Q). 
But then Qr is centralized by an involution in (x, y> and 53 ( 1 Nc(Q,)l, a 
contradiction. This implies that Q is an &-subgroup of G. Since Q is normal 
in C(y) n N(Q), we have C(y) n N(Q) = Q(x, y). Similarly, C(x) n N(Q)= 
Q,,(x, y). Since I C&x)] = 5 and C&xy) = 1, it follows that x is not conjugate 
to xy in N(Q). On the other hand, the three involutions x,y and xy are 
conjugate in G to x. It follows that N((x, y)) n N(Q) is a dihedral group of 
order 4 or 8 and is an Sa-subgroup of N(Q). If 3 1 / N(Q)/, then either an 
involution in <x, y) centralizes a subgroup of order 3 in N(Q) or N(Q) con- 
tains a subgroup isomorphic to A, . This is not possible. Hence m = 2 and 
an &-subgroup V* of N(Q) is dihedral of order 8. Since Q and Q, must be 
fused in N(Q), it follows that Q and Q0 form a conjugacy class in N(g). We 
may assume that V* contains (x, y,. \ Then Z(V*) = (xy). Let t be an 
involution in V* - (x,3’) and act with the four-group (xy, t> on $. We 
have Qt = Q,, and Q, = C&t) has order 5. Since Qa is conjugate in G to Q, 
so Qa must be conjugate in N(Q) to Q. This implies that Qa = Q or Qs = Q0 , 
which is not the case. 
We have proved that K must be an elementary abelian group of order 53. 
If P is a subgroup of order 5 of K which is centralized by an involution in 
N(K), then N,(P) = KS where S is a four-group. Since P is conjugate to Q 
in G, we have that N,,{(Q) = Q<x, z). I n a icu ar, C =Fandso 1 Tl = PO. p rt 1 
It is now easy to obtain a contradiction. We may identify Q = P so that 
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(x, z> is an &-subgroup of N(K). There is a subgroup A* of order 3 in 
IV(K) which acts faithfully on (a, x>. Hence A* normalizes the 2-group 
H = C,,(x). Note that F* C Hand C,(x) = F n F*. Since Q acts fixed-point- 
free on D/F, we have that i C(x) n (D/Fjl = 4. This implies that 
/ H : F* j < 2. Let A* = (aj and observe that d” does not normalize F*. 
Hence i Pa : (I;*” n F*)l = 2. Note that C,(F*) = F* and F*a centralizes 
a hyperplane of F*. Thus F*a C M* and so F*a C D*. Hence [F*a? F*] = 
E” = H’ and so A* normalizes E*. But then A* C Ad* and so 3 1 ! iIf* i? a 
contradiction. Our lemma is proved. 
LEMMA 9.6. Set F* = b’(ccl,(F); T). Then we hnve Ns(F”) L 31. 
PJDO$ Set TO = T n C so that T,, is an S,-subgroup of C. By Lemma 9.5, 
we have F* _C TO. Note that M(T,) covers M/C and M/C is not a 2-group. 
Hence Ai contains T and N(F*) covers &f/C. The lemma follows by 
Theorem 7. I ‘ 
LEMMA 9.7. SQpose that i F / > 16. Then C,(F,J c X9 where F0 is aq 
sz&vouj~ Gf index 8 of F. 
Proof. Suppose the lemma is false. Let F,, be a subgroup of index 8 of F 
such that C,(F,,j = C(F,) $ IV. Then E n F, = 1 and so EF,, is a subgroup 
of index 4 of F. Let T,, be an &-subgroup of C,bI(Fo) so that Tl = To n C 
is an &-subgroup of C. For any &-subgroup X of M, we have (by Lem- 
ma 9.6) ArG(~~(cclG(F); X)) C Ad. Also, V(ccl,(P); X) C C. Let T* be an 
&-subgroup of M containing TO and set F* = V(ccl,(Fj; T”) so that 
F* G T, C T, and iV,(T,,) C Ad. In particular, TO is an &subgroup of 
C(Foj. Since O(C(F,)) = 1, we get that T,, does not normalize any f 1 odd 
order subgroup of C(F,,). Let P be an S,-subgroup of C(F,J which. is permut- 
able with TO and P g M, where p is an odd prime. Let H = O,(T$) so that 
T,,/H is cyclic. There is an element g E G such that FQ C T, but Fg c H. Let 
x E F” - H so that we may assume that x acts invertinglp on F’. Set 
W = Qr(Z(H)) so that we have EF, C W. Since [E, P] + 1, P does not 
centralize W and so x does not centralize W. The group W centralizes a 
hyperplane of FQ and so WC Mg. If W$ DY, then we have 1 F” ! = 8, a 
contradiction. Hence TV c Dg and so [W, x] = E-” and E@ C W n Fg. Hence 
x centralizes a hyperplane of W and so p = 3, 1 TO : H 1 = 2 and [W, P] is 
a normal four-subgroup of TOP. This implies that Es C Z(T,,j and SO 
T, C W. Also, [[TV, P], x] = [W, x] = Eg and so Eg C [W, P]. Suppose 
that g 6 Al. Let T be an &-subgroup of M n MQ which contains TO . If 
T is an &-subgroup of hrl, then M n MQ = ri’. But 
Ql(R2(MQ)) = Q,(Z(T)) = E, 
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which is a contradiction. Hence T is not an ?&-subgroup of ills. Let T, be 
an S1,-subgroup of ild containing p so that T, n C = Tl _C To . Hence 
V(ccl,(F); Ta) C F and so if L is a 2-subgroup of llfg which contains p as a 
subgroup of index 2, then L normalizes Y(ccl,(F); T,), a contradiction. We 
must have g E M and so Fg = F and Eg = E. If T,, _C D, then [H, X] = E. 
Suppose that To $ D. Let y E To - D such that y? E D. Since C,(y) 3 EF,, 
and /F : EF,, 1 = 4, it follows that j F / < 32. Since M/D has even order and 
F/E is a chief factor of M, it follows that / F / = 32. Since T&/D is cyclic of 
order < 4 and ( CFIE(y)( = 4, we get that T,, = ((T,, n D), y). Since 
[F, y] c BF,, , we get [To , F] c EF, and so [H, X] !Z EF, C W. 
In any case, we have [H, $12 IV and so x centralizes H/IV. Therefore, 
P centralizes H/IV. Since P also centralizes lV/[lV, P], it follows that P 
centralizes H/[W, P]. Hence H = C,(P) x [IV, P] and set H, = C,(P). 
Since both H,, and [E’, PJ are x-admissible, we have C,(X) = CH,(‘lc) x E. 
But F n HE CIi,(~v) x E and so P centralizes a subgroup of index 4 of F. 
This contradicts Lemma 9.4 and proves our lemma. 
LEMMA 9.8. Suppose that (F [ > 16. If g E G is such that 
IFg:(Fgn M)l < 2, 
then Fg C M. 
Proof. Suppose the lemma is false. Choose g E G such that 
) Fg : (Fg n ilJ)l = 2. Set M* = Me, F* = Fg and F,* =F* n hf. By 
Lemma 9.5, we have F $ M*. Since E centralizes the hyperplane F,* of 
F*, we get E c M*. Set E* = Eg and assume that E* g M. Since EC Ad*, 
E centralizes E* and so E centralizes F*, a contradiction. Hence E* _C M 
and so C,(E*) C M*. Let F, = F n M* so that F, CF. Choose f E F - F, 
and set F,* = C,,(f). Assume that ] F,* : I;,* 1 < 4. Since then 
1 F* : F,* J < 8, we get by Lemma 9.7 that f~ ill*. This is a contradiction 
and so we must have 1 F,* : F,* 1 > 8. Hence F,* $ D and, moreover, M/D 
contains a four-subgroup. Let KID be a subgroup of F(MjD) of odd prime 
order which admits F,* but is not centralized by F,*. Let pa* = C,l,(K/D) 
so that / F,* : FZ* / = 2. Let FJE be a subgroup of F/E which admits KFr* 
and is minimal subject to [Fl , K] g E. Note that K/D acts fixed-point-free 
on F/E. Then [FZ*, Fl] _C E but F,* d oes not centralize FJE. Choose h EE; 
such that Eh is not centralized by F,*. Since [pZ*, h] C E, it follows that 
F3* = C(h) nF2* is of index at most 2 in pa* and so 1 F* : F,* I < 8. By 
Lemma 9.7, we have h E M*. Hence [pZ*, h] _C E n F* = 1 and so 
F3* =i$*. We know that h does not centralize F,*. Assume that 
h ED* = Dg. Then [Fl*, h] = E* SF, a contradiction. Thus h # D*. Since 
h centralizes a subgroup of index at most 4 of F*, we get (F* ( < 32. This 
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implies that an &subgroup of M/D is cyclic. This contradiction proves the 
lemma. 
LEMMA 9.9. Suppose that 1 F / > 16. Then lM is the only nzaximal 24ocaE 
subgroup of G containing F. 
Proof. Suppose the lemma is false. Let N be a maximal 2-local subgroup 
of G such that N 2 F, N # M and 1111 n N 1s is maximal. Let T* be an 
Se-subgroup of M n N and let T be an S,-subgroup of M which contains T*. 
Set F* = Y(ccl,(F); T*). Suppose that N,(F*) g M. If T = T*, then this 
contradicts Lemma 9.6. If T3 T*, then j ili,,(F*)l, > / T* / and we have a 
contradiction because 1 M n N Ia is maximal. Hence No(F*) C M. In partic- 
ular, T* is an &-subgroup of N. Also, every 2-signalizer in N is trivial Let 
P be an SD-subgroup of N which is permutable with T* such that p is an 
odd prime and P g M. Set H = O,(T”P) so that T”/N is cyclic. Since 
F* g H, there is g E G such that Fg c T* but Fg g H. Thus 1 FQ : (FQ n H)I = 2. 
Let x EF~ - H so that we may assume that x inverts P = (a>. Since 
(x, Pj >_ P, we have FQa g M and so 1 FQ” : (FQa n nl)i = 2 against Lem- 
ma 9.8. 
LEMMA 9.10. If g E G, then one of the follozuing holds: 
(a) FQ n M = 1. 
(b) 1 FQ : (FQ n M)] = 2 and Fg n M centralizes a hyperplane of F. 
(c) FQ CM. 
Proof. Suppose that 1 C (Fg n M) C Fg. Set F* = F”, M n F* = FIF,” 
and Fl = F n Mg. By Lemmas 9.3 and 9.9, we have F+ C I, where .7 is the 
set of all involutions i in M such that M is the only maximal 2-local subgroup 
of G containing C,,(i). Since F *# C IQ, we get F n F* = 1. Since F* g M, _ 
we get, by Lemma 9.5, that F e iW and so Fl C F. We have 
[Fl,Fl*] cFnF* = L 
and so (FL, F,*j is elementary abelian. Also, for every involution fi* in 
Fl*, we have C,(fi*) = Fl and for every involution fl in Fl , we have 
C&r) = F,*. Since I C,,(f)1 > 4, where f EF~*, we get that F,* is non- 
cyclic. 
Assume that I;;* n D # 1 and let t be an involution in F,* n D. Since 
! F : CF(t)! < 2, we must have 1 F : Fl j = 2. By Lemma 9.8, me have 
/ F / = 8. Hence j F,* 1 = 4 and F,* centralizes the hyperplane Fl of F. 
We may assume that Fl* n D = 1. By Lemma 2.12, the group Fr* pos- 
sesses two involutions II’ andy and the group F(M/D) possesses two subgroups 
KJD and K,/D of odd prime order such that x inverts K,/D and centralizes 
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Kz/D and y inverts Kz/D and centralizes KJD. We see that KJD acts 
fixed-point-free on F/E, i = 1, 2, and that C,/,(r) = CplE(y) = FJE. This 
is a contradiction and our lemma is proved. 
It is now easy to obtain a contradiction from Hypothesis 9.1. By Lem- 
ma 2.13, there exists an involution t in M such that Cc(t) g M. Let U be 
an &-subgroup of C&t). Since F Q M and 1 F 1 > 8, it follows that U 
possesses an elementary abelian subgroup of order >, 8. dmongst all maximal 
a-local subgroups of G which are different from M and which contain U, 
choose N so that j M n N Ix is maximal. Let T,, be an $-subgroup of 
M n N containing U and let T be an &-subgroup of M which contains TO . 
Note that T,, possesses an elementary abelian subgroup of order 8. 
Assume at first that F C M n N. Hence F C T,, and set 
F* = V(ccl,(F); T,,). 
If T = T,, , then N,(F*) C M, by Lemma 9.6. If T f TO, then also 
N,(F*) _C M, by maximality of 1 M n N I2 . In any case, we get 
N,(F*) C M. Therefore, TO is an &-subgroup of N. Also, O(N) = 1 and so 
every 2-signalizer in N is trivial. Let P be an SD-subgroup of N which is 
permutable with TO such that p is an odd prime and P $ M. Set 
H = O,( T,,P) so that To/H is cyclic. Since F* g H, there exists g E G such 
that Fg _C T,, but FQ g H. Let x EF~ - H so that we may assume that x acts 
invertingly on P. Set W = L$(Z(H)) and note that E c U and so 
E _C Q,(Z(T,,)) C J#. Therefore, P does not centralize W and so x does not 
centralize W. Since W centralizes a hyperplane of Fg, we have WC Ms. We 
have 1 f [W, X] C W n Fg and so H _C MQ. By Lemma 9.9, we have 1 F / = 8. 
Assume that p + 3. Then there is a characteristic subgroup B f 1 of TO 
such that N(B) I T,,P. The maximality of / M n N Ia implies that T = TO . 
If j Q,@,(N))/ < 4, then Qn,(R,(N)) = E, which is a contradiction. Hence 
j Q,&(N))1 > 8 and so N = T,,P, / P ( = 5, ( I;J’ ] = 16 and /[W’, x]/ = 4. 
Hence [W, X] = H n Fg and so [H, x] _C W. Therefore, P centralizes H/W 
and since W = [W, P], we have H = C,(P) x W. Since W = Ql(Z(H)), 
we have C,(P) = 1 and so H = W and [ T/H / = 4. By Lemma 5.2, 
N(T) = T and so M/C N ‘& . Since I T I = 26, we have that F is an &-sub- 
group of C and so C = F x C’,, , where C,, # 1 is an &-subgroup of C. 
Thus C,, 4 M, against O(M) = 1. We have proved that p = 3 and so 
I T,, : H I = 2. Hence (W n Fg) C Z(T,,) and so T,, _C Mg. Assume that 
MO f- M. The maximality of / M n N I2 implies that T = T,, . But 
UQ1(Ra(flf~)) = Q,(Z(T)) = E, a contradiction. Hence ill = M”, g E M and 
so Fg = F. Since j [ W, ~11 < 4, D(P) centralizes W and so D(P) _C M. Hence 
[D(P),~]CFnP=landsoD(P)=land]PI=3.Wehave[H,x]_CHnF 
andjHnF/=4.LetK=[H,P]andK,,=C,(P)sothatKaT$and 
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H = KK, . If Ka n F # 1, then P c M, a contradiction. Thus K,, n F = i. 
On the other hand, x inverts P and so x normalizes 1<s . Hence 
[K, , x] C K,, n F = 1 and so x centralizes Kc, . Thus [H, x] C K and so 
Ki = [k’: x] = [H, x] C H n F and K1 is elementary abelian of order < 4. 
Obviously, x centralizes K1 and KY” 4 K, where P = /a>. Since P has no 
fixed points on K/D(K), we get K$ C K,K,“D(K) and so K,I(,“D(K) is a 
normal subgroup of K which is P(x)-admissible. Since x centralizes 
K/KIKlaD(K), so P centralizes K/K,KlmD(K). This gives that 
K = K,KIRD(K) = K&“. 
Also D(K) c Kl n K,“. Since x centralizes Kl , x centralizes D(K) and so 2’ 
centralizes D(K) and D(K) c F. Hence D(K) = 1, K is elementary abelian 
oforder40r16andKOnK=1.Also,K=Kl x K,“andiK,( =2or4. 
We have C,(x) = k;K,, , Kl 4 KIKO and F n H 1Z K,K,, , Kl cF and so 
F n H = K,(K, n F). If / Kl 1 = 2, then KO n F + 1, a contradiction. 
Thus j Kl 1 = 4, K is elementary abelian of order 15 and F n H = Kl . 
Assume that T = TO so that Tl = C’,@(F) is an &-subgroup of C. We know 
that Tr = F >; K,,*, where K,* = CKO(Kl). Since :V(T,) covers a1/C and 
Yl/fjC is not a 2-group, it follows that no nonidentity characteristic subgroup 
of Tl is contained in K,,“. Therefore, D(T,) = D(K,*) = I and so Ti is 
elementary abelian. Since O(C) = 1, we have T, Q C and so T, Q M. Let 
C’s, f 1 be an &-subgroup of C. We get that 1 + IT, : C,,] is a normal 
2-subgroup of M and [T, , C’s,] n F = 1. This contradicts the fact that 
&(Z(T)j = E. H ence we have T # TO and so fil is the unique maximal 
2-local subgroup of G containing T. No nonidentity characteristic subgroup 
of T, is contained in K, . Assume that J( TO) _C H. Then ,!V(J( T,,)) 1 TOP and 
/ ~V,,,(J(Ta))ja > j T, 1, a contradiction. Hence J(T,J $ H. Set 
d = mas{m(A) / &II abelian subgroup of T,j 
and let B be an abelian subgroup of T, such that m(B) = d and 3 $17. 
We have / &r : (FIT n B)I < 2 and so there is an element in B - H which 
centralizes a hyperplane of PI7 Therefore, [Iv, P] is a four-group and so 
Kg Z(H). Set K2 = C,(K) = Crop(K) so that K2 4 TOP and H # K2 I 
We have K2 = K x KO*, where K,* = KO n K2 . By the structure of 
GL(4, 2), we observe that / K, : Ko* / = 2. If K, centralizes Ki , then K0 
centralizes K a a contradiction. Hence me have K,,* = C,yO(Kl) and so 
C,JF) = F xlko*. Let IZ E fVr(T,,) - TO , I9 E TO, so h normalizes 
F s k’,*. Since D(K,,*) is normal in T,(h), we have that K,* is elementary 
abelian. Note that KO* 4 T,,P. Obviously, la normalizes 
Z(T,J = E x (Z(K,) n A&*) 
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and so C(h) n Z(K,,) n K,,* = 1. Thus 1 Z(K,,) n K,,* 1 < 2 and SO 
1 K,,” / < 4. If 1 K,” 1 = 4, then K, is a dihedral group of order 8. Set 
1 K,,* 1 = 2i, i < 2. Then K, is a normal elementary abelian subgroup of 
T,P and I K j = 2”+i. If Kzh _C H, then H = K2Kzh since h does not normal- 
ize K2. Hence H” = K,“(Kf) = KzhK, = H, a contradiction. Thus 
KzhgH. Let yEKzh- H. S’ mce y inverts a subgroup PI of order 3 in 
T,,P and PI acts fixed-point-free on K, it follows that j C,(y)1 = 4 and so 
( Kzh n K [ < 4. Assume that j Kzh : (Kzh n K,)[ = 2. Then 1 Kzh n K 1 2 8, 
a contradiction. It follows that / Kzh : (K2h n KJ = 4 and so I Kgh n K 1 = 4. 
Let kE(KzhnH)-K,. Then C,(k) = E x Ea and this group is 
P-admissible and so C,(K,) = Kzh n K so that y centralizes C&K,). But 
C,(K,) = K n TV 4 T,,P 
and P, acts fixed-point-free on C,(K,,). This is a contradiction, since y 
inverts PI and y centralizes C&K,,). 
We have proved that F $ (M n N). Therefore, T # To and so M is the 
only maximal 2-local subgroup of G containing T. For every +l character- 
istic subgroup B, of T,, we have N,(B,) _C M. This implies that T,, is an 
S,-subgroup of N and / N : (M n N)I = 3. Let Q be an &-subgroup of N 
which is permutable with To so that Q $ M and / T, : H* / = 2 where 
H* = O,(T,Q). Since / CF(t)/ > 4 and CF(t) is contained in U, we have 
1 F n To / > 4. Let u E NF(T,,) - To . Assume that F n To C H* so that 
[H*, U] _CF n To C H* and so u normalizes H*, a contradiction. Hence 
F n T, covers To/H* and F n H* # 1. Let z’ E (F n To) - H” so that we 
may assume that z, inverts Q (replacing Q with Q” where 1 E To). Let Q = (s) 
so that (v, vJ) contains Q. Hence T? I&’ and (F n H*)” C M. Thus 
FS n M # 1 and FS g IV. By Lemmas 9.8 and 9.10, we have 1 F I = 8. 
Therefore, 1 F n H* I = 2 and so [H*, V] C F n H* and /[H*, v] I < 2. Set 
W* = GR,(Z(H*)) so that EC W*. Thus Q does not centralize W* and so 
v does not centralize W*. We get [W*, v] = [H*, v] has order 2 and so v 
centralizes a hyperplane of IV* and v centralizes H*/ TV*. Therefore, [W*, Q] 
is a normal four-subgroup of T,Q and Q centralizes H*/W*. In fact, D(Q) 
centralizes JV* and so O(Q) _C M which implies that 1 Q I = 3. We get 
T,Q = &,* x [IV*, Q] Q(v), where H,,* = C,,(Q) and [W*, ,Q] Q(v) N &. 
Note that E = F n H* is contained in [W*, 01. Since u centralizes v, so zl 
normalizes C,(zy) = (v, E) x Ho*. Hence u normalizes D(H,,*) and so 
Ho* is elementary abelian. Since u normalizes Z(T,J = H,,* x E and 
CHO*(u) = 1, we get I H,,” I < 2. The presence of an elementary abelian 
subgroup of order 8 in T,, forces that / H,” 1 = 2. The group To has precisely 
two elementary abelian subgroups of order 8. Since u normalizes 
(v, E) x Ho* so u must also normalize H*, a contradiction. We have proved 
the following result. 
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THEOREM 9.1. The Hypothesis 9.1 is not satisfied. 
10. THE CASE 1 Ql(R2(M))l 2 8 
In this section we shall use Theorem 9.1 to derive a contradiction. 
LEMMA 10.1. Let T be ajxed &-subgroup of G. Then ivo( T) = T and the 
group G has precisely two maximal 2-local subgroups containing T. The>’ are 
M=No(J(T))andN=C,(Z(T)),whereIMj =5.1 T\and\Nj =3.j Tl. 
AZso Y = Q,(R2(M)) has order 16 and j Q,(Z(T))/ < 4. 
Proof- By Theorem 4.1, there exists a maximal 2-local subgroup M of 
G containing T such that 1 M j > 3 . 1 T I. By Theorem 9.1, we have 
j Ql(R,(.M))! > 8. Hence Theorem 5.1 is applicable. Set Y = Q!,(R,(M)). 
Since Hypothesis 4.1 is not satisfied, we have 1 Y j = 16, C,(Y j = O,(M) 
and M/O,(M) is a Frobenius group of order 10 or 20. The group G has 
precisely two maximal 2-local subgroups containing T. They are 
%I = N&(T)) and N = Co(Z(T)). By Lemma 5.2, we have NG(T) = T. 
Assume that i N j > 3 * j T /. By Theorem 9.1, we have 1 Q,(R,(N)/ 3 8 
and so by Theorem 5.1, we have No(J(T)) = N, a contradiction. Hence we 
have / N ! = 3 . / T /. Since Q(Z(T)) C Y, it follows that / QI(Z(T))i < 4. 
The lemma is proved. 
LEMMA 10.2. Let H be any 2-local subgroup in G. Then an &e-subgroup 
of H has an order dividing 15. 
Proof. The lemma follows at once from Lemma 10.1 and Lemma 2.17. 
LEMMA 10.3. Let s be a subgroup of order 5 which is cent~alixed by an 
involution in G. Then Q is conjugate in G to an S,-subgroup of W. 
Proof. This is again a direct consequence of Lemma 10.1 and Lemma 2. i 7. 
LEMMA 10.4. The group G possesses nonsolvable local subgroups. Let S be 
a nonsolvable local subgroup of G. Then we have the-following two possibilities: 
(i) O(S) is elementary abelian of order 5a, S/O(S) E A, and if Q is a 
subgroup of order 5 of O(S) w nc is centralized by an inaolution in S, tlaen 1. h 
N,(Q) = N,(Q) = O(S)V, where V is a four-group. 
(ii) O(S) has order 5, S’O(S)/O(S) -L,(q), q odd, L,(3) OY U,(3) and 
eitker / S/S’O(S)[ = 2 or S/O(S) ‘V Aut(A,). In any case, j &JO(S))! = 2. 
Proof. By Lemma 2.15, the group G possesses nonsolvable local sub- 
groups. We then use Lemmas 10.1, 10.2 and 10.3 and complete the proof of 
this lemma in precisely the same way as in the proof of Lemma 9.5. 
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LEMMA 10.5. Every 3-local subgroup in. G is solvable. The group G pos- 
sesses a subgroup P of order 5 which is centralized by an involution in G such 
that 1 A,(P)1 = 2. The group M/O,(M) is isomorphic to a dihedral group of 
order 10 and Y,, = !&(Z(T)) has order 4. Set N = T-4 where / R 1 = 3 and 
iv = C,( YJ. 
Proof. This lemma is a direct consequence of Lemma 10.4 and Lem- 
ma 10.3. 
LEMMA 10.6. 9n &-subgroup of G has order 3. 
Proof. Suppose the above is false. The group C(a) is solvable. Let L be 
a Hall (2, 3}-subgroup of C(a) containing Y,, x A. Since A is not an Ss-sub- 
group of L, we get, by Lemma 2.17, O,(L) = 1. By Lemma 2.12, the group L 
contains a subgroup L, such that L,I Y, and L, is isomorphic to a direct 
product of two dihedral groups of order 6. We have& n A = 1 and so there 
is an involution t in Y,, such that CL(t) contains an elementary abelian sub- 
group of order 9. The lemma is proved. 
LEMMA 10.7. The case (i) of Lemma 10.4 does not occur. 
Proof. Suppose that we are in case (i) of Lemma 10.4. If Q is a subgroup 
of order 5 of O(S) which is centralized by an involution in S, then 
3 { / N(Q)I. Let P be an &-subgroup of S and let K be a subgroup of order 5 
of O(S) which is centralized by P. Since P is conjugate in G to A, C(P) is 
solvable and contains a four-group U conjugate to Y,, . Since KC C(P) and 
K is not conjugate in G to Q, we have O,(C(P)) = 1. By Lemma 2.12, the 
group C(P) contains a subgroup B, x B, , where Bi is a dihedral group of 
order 2pi with pi an odd prime and BIB, 2 U. Since BIB, n P = 1, we have 
p, = p, = 5, But then there is an involution u in U such that 5 1 1 C,(u)l. 
This contradicts the fact that for every involution i in Y, we have Co(i) = N 
and j N / = 3 . j T j. The lemma is proved. 
LEMMA 10.8. The group G possesses a 2-local subgroup H such that 
15 1 [ H (. If R is any subgroup of order 5 in G, then Co(R) does not possess an 
elementary abelian subgroup of order 8. 
Proof. By Lemma 10.7, the group G possesses a nonsolvable local sub- 
group S such that O(S) = Q has order 5. Since an &-subgroup of G has 
order 3, we have s’Q/Q -L,(q), q odd, q > 5 and 3 -0 q. Also, 1 SjS’Q / = 2 
and so C(Q) = S’Q. This proves the second part of the lemma. Let P be 
an &-subgroup of S. Then P is conjugate in G to A and so 5 1 1 C(4)/. Set 
Y* = IT(ccl,(I’); T) so that N&Y*) = M, by Theorem 5.1. There is an 
element g E G such that Yg _C T but Yg $0,(N). Let x E Yg - O,(N) so that 
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we may assume that x inverts A. Hence N&l) contains the elementary 
abelian subgroup E = ( Y0 , x j of order 8. Also, i?(4) contains a subgroup 
R of order 5 which is conjugate in G to an &,-subgroup of M. If O,(N(iil)) = 1 t 
then the presence of E in N(4) gives a contradiction, by Lemma 2.12. Hence 
O&q4 f 1, and so iV,(O,(N(A))) is a 2-local subgroup of G whose order 
is divisible by 15. The lemma is proved. 
It is now easy to complete the proof of our Theorem B. By Lemma 10.8, 
the group G possesses a 2-local subgroup whose order is divisible by 15. 
Amongst all maximal 2-local subgroups of G whose orders are divisible by 
15 choose S so that j S j2 is maximal. By Lemma 2.1, O(Sj = 1. Hence, by 
Lemma 2.7, S, does not normalize any fl odd order subgroup of S. Let 
S,, be a Hall 2’-subgroup of S so that S,, = P x Q, where 1 P 1 = 3 and 
/ Q 1 = 5. Since S,, is permutable with S, and Say is cyclic, it follows that 
both P and Q are permutable with S, . By Lemma 10.1, S, is not an &-sub- 
group of G. By Lemma 2.4, there is a characteristic subgroup B, f 1 of 
S, such that B, Q SaQ. Let L be a maximal 2-local subgroup of G which 
contains N(B,). Note that j N(B,)I, > 1 S, j and so Q is an ,$,-subgroup of 
L and S nL, = S,Q. Let T* be an &-subgroup of L m-hich contains Se. 
Then T* # S, , L = T*Q and O(L) = 1. Let B, be a nonidentity character- 
istic subgroup of T* such that B, Q L. Since I, is a maximal 2-local subgroup 
of G, we have Ai, = L and so T* is an &-subgroup of G. Also L is 
conjugate in G to M. 
We set E; = G1(A,(S)) so that Y1 f 1. Since N(Y,) = S and Y1 c S, C T”, 
we have G,(Z(T*)) S S, and so S;Z,(Z(T*)) c Q2,(Z(S,j) C Y1 . Also note that 
1 sZ,(Z(T*))l = 4 and so j Yi 1 > 4. If j Y, i = 4, then I’, = Gr(Z(T*)) and 
so N(Y,) 1 S, a contradiction. 
We have proved that ( Yi / > 8. Set C, = C(I;). By Lemma 10.8, we 
have Q $ C, . Assume that P C C, . Then P centralizes li$(Z(T*)) and so 
C(&(Z(T*))) = T*P, which implies that P is permutable with T”. Hence the 
cyclic group PQ is permutable with T* and so PQT* is solvable. Since 
O(PQT*) = 1, we have O,(PQT*) # 1, a contradiction. 
We have shown that C, is a 2-group. Hence 1 1-r 1 > 16. Suppose that P 
normalizes S, . Then Ai S, a contradiction. Hence ; Js(P>i = 2. Also, 
we have j Ao(Q)j = 2. An &-subgroup of S/C‘, is elementary abelian of order 
2 or 4 and so the structure of GL(4,2) forces 1 Yi / > 16. 
Let Yz be a subgroup of index at most 4 of k; . Assume that C, is not 
an &-subgroup of C,( YJ. Let x E C,(E;) - C, such that 9 E C, . For 
every subset X of S, we set X = XCJC, . Hence 3 is an involution in S 
which centralizes Ya and 1 Yi/Ya 1 = 2 or 4. Assume that % inverrs Q. Then 
/Y,/Yg ! = 4, C,(g) = Yz and [Yi , Q] = Ya is of order 16. Also Y3 is 
S-admissible. Clearly, [Y3 , ~1 has order 4 and so [Y, , .r] = [Ys , x] C Ys 
which implies that f centralizes YJY, . If [Ij , P] 1 1, then S acts faith- 
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fully on Ys , which contradicts the structure of GL(4,2) because 1 A,(P)/ = 2 
and 1 Ao(Q)] = 2. S ince Q centralizes Y,/Ya , we have, by Lemma 10.8, that 
[ Yl/Y3 [ < 4. Thus Y4 = [Yr , P] h as order 4, Yr = Ys x Y4 and ~central- 
- -- . izes Y4 . This implies that .V centralizes p. This shows that S/PQ IS a four- 
group and so there is an involution 7 in S such that [%, jJ = 1 and 7 central- 
izes Q and inverts p. Since Cr,(y) is Q-admissible, so 7 centralizes Ys . 
Hence Cyl(y) = Y3 x Cy4(y) is a subgroup of index 2 of YI . The group 
Sa* = Cr(.z*, y) is a &-subgroup of S and Q,(Z(Sa*)) C YI . Hence 
sZ,(Z(S,*)) = Crl(<z, jj) is of order 8 and ( &(Z(S,*)) n Ys 1 = 4. Let 
h E Sap be such that Ssh = Sa* so that Q is permutable with (T*)h and 
f2S2,(Z((T*)h)) is contained in Qr(Z(S,*)). Since j i&(Z((T*)h))l = 4, we can 
find an involution s in 8,(Z((T*)h)) n Ys so that Co(s) = (T*)hP and so P 
is permutable with (T*)h. Hence the group (T*)h PQ is solvable and 
O,(( T*)h PQ) # I, a contradiction. We have proved that 3 centralizes &. 
Thus E inverts li, since O,(S) = 1. Set Ys = [Yr , P] so that Ys a S and 
/ Ys 1 = 4 or 16. If 1 Y5 / = 16, then Q acts faithfully on Ys and so S acts 
faithfully on Y5 . This contradicts the structure of GL(4,2). Hence I Y5 / = 4. 
Also, Yl = Y, x Y6 where Y, = C,(P) and E’s d S. Since Q centralizes 
Ys , we must have Y5 = C,(Q) and so Ys = [Y, , Q]. Since ( Ys : Cy,(%)j 
is at most 4 and Q acts fixed-point-free on Ys , we get that X! centralizes Y, . 
Thus C,(X) = YsCy6(%) is a subgroup of index 2 of YI . Let S, be an 
&subgroup of S containing C,<X). We have &?r(Z(Sa)) C C,,(z). Let 
k E S, , such that Sale = S Then Q is permutable with (T*)” 
and (T*)k n S = S, . We hza;e i21(Z((T*)k)) C sZ,(Z(S,)) _C C, (x) and 
9r(Z(( T*)k)) is a four-group. Hence there is an involut& u in 
12n,(Z((T*)k)) n C,(P) which implies that Co(u) = (T*)kP and so P is 
permutable with (T*)“. Thus the group PQ(T*)k is solvable and 
O,(PQ(T*)“) # 1. This is a contradiction. 
We have proved that C, is an Sa-subgroup of C,(Y,), where Ys is any 
subgroup of Yr such that I Yr : Ya j < 4. Let I/; be a subgroup of index at 
most 4 of Yr such that C( YJ = C,( Ya) $ M. We know that C, is an Sa-sub- 
group of C,(Y,). Suppose that C, is not an Sa-subgroup of C(Y,). Then 
No(C,) 3 S, a contradiction. Hence C, is an &-subgroup of C(Y,). By 
Lemma 10.8 and the fact that j Ya / > 8, we get that 5 f 1 C(Y,)i. Thus 
C,( Ya) = C, and / C(Ya) : C, 1 = 3. Let B be an Sa-subgroup of C(Y,). 
Since O(C(Ys)) = 1 and N(C,) = S, we have 1 C, : HI / = 2, where 
HI = O,(C(Y,)). There is an element ZJ E S such that C, = (HI , HIV). The 
group U = (C(Y,), C(Y$‘) centralizes Ya n Ya” # 1 and so U is solvable 
and has cyclic &-subgroups. Since HI and H,” are normalized by some sub- 
groups of order 3 in U, it follows that C, C O,(U) and so C, is normalized 
by B, a contradiction. 
We have shown that C,(Ya) _C M for every subgroup Ys of index at most 
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4 of I’, . Set FI* = V(ccl,(I’,); S,) and assume that IsI* L C, . Then 
I,* 4 S and if j is a 2-subgroup in G containing S, such that / / : Sa ) = 2, 
then Y1* Q J, a contradiction. 
There is an element g E G such that 1-r” L S, and I;r” 0 C, . Since YI 
centralizes Y1” n C, and 1 Yr” : (Yrg r\ C,)j f 4, we have Y, L Sg. Since 
I’, centralizes a subgroup of index at most 4 of k;g7 we have that 1; central- 
izes 171g, since Clg is the unique S,-subgroup of C(C, n YI”) n 9. This is 
a contradiction. The proof of Theorem B is completed. From Theorem B we 
get also Theorem A at once. 
REFERENCES 
1. H. BENDER, Finite groups having a strongly embedded subgroup, to appear. 
2. R. BRWER AND M. SUZUKI, On finite groups of even order whose 2-Sylow group 
is a quaternion group, Proc. Nat. Acad. Sci. U.S.A. 45 (1959), 1757-1759. 
3. W. FEIT AND J. G. THOMPSON, Solvability of groups of odd order, PacijTc ,‘- 
Math. 13 (1963), 775-1029. 
4. D. GORENSTEIN, On finite simple groups of characteristic 2 type, to appear. 
5. D. GORENSTEIN, “Finite Groups,” Harper & Row, New York, 1968. 
6. D. GORENSTEIN, Oxford lectures, 1969. 
7. 2. JANKO AND J. G. THOMPSON, On finite simple groups whose Sylow 2-subgroups 
have no normal elementary subgroups of order 8, Math. 2. 113 (1970), 385-397, 
8. B. H. NEUMANN, Groups with automorphisms that leave only the neutral element 
fixed, Arch. Math. 7 (1956), l-5. 
9. D. -4. PARROTT, A characterization of the Tits simple group, to appear. 
10. C. SIWS, Graphs and finite permutation groups, &Iath. 2. 95 (1967), 76-86. 
11. M. SUZUKI, Finite groups in which the centralizer of any element of order 2 is 
2-closed, Ann. of Math. (2) 82 (1965), 191-212. 
12. G. C. THOM~, X characterization of the groups G,(2R), J. Algebra, to appear. 
13. J. G. THOMPSON, Normal p-complements for finite groups, &Iath. Z. 72 (1960), 
332-354. 
14. J. G. THOMPSON, Nonsolvable finite groups all of whose local subgroups are 
solvable, Bull. Atner. Math. Sot. 74 (1968), 383-437. 
15. J. G. THOMPSON, Nonsolvable finite groups all of whose local subgroups are 
solvable, to appear. 
16. J. G. THOMPSON, Factorizations of p-solvable groups, Pacific J. Math. (16) 
2 (1966), 371-372. 
17. J. TITS, Algebraic and abstract simple groups, Ann. of Math. 80 (1964), 313-329. 
18. J. H. WALTER, The characterization of finite groups with abelian Sylow 2-sub- 
groups, Ann. of Math. 89 (1969), 405-514. 
19. H. WIELANDT, uber Produkte von nilpotenten Gruppen, IlZinois J’. Math. 2 (1958), 
611-618. 
20. H. WIELANDT, Sylowgruppen und Kompositions-Struktur, ..&A. Math. Sm. 
Univ. Hamburg 22 (1958), 215-228. 
21. W. J. WONG, Determination of a class of primitive permutation groups, Mat/r. Z. 
99(1967), 235-246. 
481/21/3-1x" 
